
Cardinality and Utilitarianism through social interactions∗

Shiri Alon† and Ehud Lehrer‡

July 20, 2022

Abstract

We offer an axiomatic model of a utilitarian social planner, in which cardinality

of the aggregated individual preferences is not assumed but rather derived from social

interactions. Furthermore, social interactions determine some (though not all) of the

interpersonal comparisons between members of society.

Keywords: Utilitarianism, ordinal preferences, social context, axiomatization

∗The authors are thankful to Peter Wakker and Gabi Gayer for invaluable suggestions and comments. Part

of this research was done while the first author was visiting the Department of Economics at the University

of Washington. The author is grateful to the department for its hospitality. The second author acknowledges

the support of the grants ISF 591/21 and DFG KA 5609/1-1.
†Bar-Ilan University, Ramat-Gan 5290002, Israel. e-mail: Shiri.Alon-Eron@biu.ac.il
‡The School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel. e-mail:

lehrer@post.tau.ac.il



1 Summary of our contribution

For ease of presentation we begin with a short summary of our contribution, to be elaborated

later in the Introduction.

A. The fundamental problem that we address is the aggregation of individual pref-

erences into social preferences.

B. Aggregation is easier if preferences are cardinal rather than ordinal. A cardinal

preference conveys by how much one alternative is preferred to another, whereas an

ordinal preference only establishes which alternative is preferred. When preferences are

cardinal it is easier to balance conflicting tastes of individuals by comparing strength of

preference, and there are convincing arguments in favor of a utilitarian social preference,

aggregating individual utilities through a weighted sum.

C. Assumptions leading to cardinality are not always plausible. In order to derive

cardinality of preferences the domain of alternatives is assumed to be rich and corre-

sponding assumptions on preferences need to hold. Typically, alternatives are taken to

include a distinct component such as probabilities, and preferences are supposed to sat-

isfy appropriate assumptions regarding that component. In many problems of interest

such richness or assumptions fail to hold, with a prominent example being preferences

over bundles of goods, typically assumed ordinal.

D. Our result. We consider a general domain of alternatives, and a family of preferences,

one per each group in society - individual preferences, preferences of the entire society,

and a preference for every sub-group in society. Preferences are initially only assumed

to be ordinal. We formulate assumptions on the family of preferences and prove that

these assumptions are equivalent to the existence of cardinal individual utilities, and a

utilitarian representation of the preferences of any group in society.

E. Further on motivation. Cardinality of preferences allows for the measurement of

tradeoffs between alternatives. A central motivation for extracting cardinality is for

tradeoffs to be compared across individuals, and then balanced into a social preference.

Our representation result yields existence of cardinal individual utilities, and group

preferences which are their utilitarian aggregation. A natural follow-up question, beyond

existence, is how to elicit the cardinal individual utilities to be aggregated.

We interpret our result also as suggesting that cardinality of individual utilities can be

extracted by comparing voluntary decisions of individuals alone and with people close

to them. The basic idea is that in some groups, for example households, individuals

willfully make joint decisions. We call such groups organic groups. If our assumptions

are satisfied, then by observing willful choices that individuals make alone and in organic
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groups, cardinal utilities that represent their preferences may be extracted, moreover

expressing strength of preference as gauged in comparison to others. These cardinal

utilities can then be aggregated into utilitarian preferences of non-organic groups, which

do not voluntarily reach joint decisions (one of those being the entire society).

The distinction between organic and non-organic groups that we allude to is for moti-

vational purposes only. The result detailed in D above holds regardless of that interpre-

tation.

F. Advantages of our approach:

(i) Alternatives accommodated. We obtain a utilitarian preference when alterna-

tives do not necessarily contain a separate component such as probabilities, states

of nature, etc.

(ii) Preferences accommodated. Preferences are not assumed to be cardinal at the

outset (e.g., based on choices that involve probabilities). Rather, preferences are

initially only assumed to be ordinal, and cardinality is derived based on choices

in groups, essentially swapping the need for exogenous richness in the alternatives

with richness in the social context itself.

Moreover, we do not need to assume that each individual cares only about a ded-

icated dimension of the alternatives. For instance, if we consider allocations, in-

dividuals can care about more than their own allocated bundles. We can thus

accommodate, for example, preferences over public goods and other-regarding pref-

erences.

(iv) Weights determined across groups. Our result implies that the relative weights

on the utilities of individuals within a utilitarian sum are the same, in every group

to which these individuals belong.

If we follow the interpretation in E above, the weights placed on utilities of individ-

uals within the same organic group are the result of their voluntary joint decisions.

Our result implies that the same relative weights carry over to every other group

to which these individuals belong. Hence a social planner constructing a utilitarian

representation for a non-organic group can deduce the relative weights on individ-

uals belonging to the same organic group, based on voluntary compromises that

these individuals make.

G. Limitations of our approach:

(i) Group effects accommodated. The assumptions that we impose on preferences,

which allow us to derive the additive, utilitarian representation of group preferences,

limit the types of group effects that we are able to describe. First of all, a Pareto
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assumption implies that whenever all individuals in a group prefer one alternative

over another, so will the group. Thus we cannot describe complementary group

effects such as two individuals, each preferring one alternative over another when

alone, but together reversing that preference. Moreover, we impose Pareto and

consistency of the comparison of strength of preference, so that the group effect

that we identify is essentially that of balancing the strength of preference of the

different members of a group.

This paper is the first attempt to obtain a utilitarian representation by concurrently

deriving cardinality directly from the social context, demonstrating that strength

of preference can be measured using the choices of individuals alone and in groups.

Other forms of preference aggregation, exhibiting richer patterns of group effects,

may be attempted in the future based on similar methods. For example, one may

consider appropriately limiting the domain of alternatives for which our main con-

sistency assumptions apply to obtain a social preference represented by a minimum

utilitarian sum over a set of weights.

(ii) Primitives assumed. We require as primitives of the model the preferences of

all sub-groups in society, not only individual preferences and the preference of the

entire society, as is common in social choice models.

2 Introduction

A. The fundamental problem that we address. When making decisions for a society

the preferences of its members must be considered. If a social planner manages to elicit the

preferences of members of society, these should then be aggregated to form a social preference.

The process of aggregating possibly conflicting preferences of individuals, and deciding how

to balance them, is a fundamental theme in social choice.

B. Aggregation is easier if preferences are cardinal rather than ordinal. Prefer-

ences of members of society can take many forms. In many domains, such as when considering

preferences over bundles of goods, preferences are typically ordinal. Namely, the only informa-

tion regarding preferences is how the alternatives are ranked, without any way to measure the

extent to which one alternative is considered better than another, and without a comparison

of tradeoffs between alternatives. Accordingly, a utility function representing such preferences

is unique only up to an increasing transformation.

When preferences are ordinal, and there is no notion of strength of a preference, aggregation

is difficult. As established by Arrow in his famous impossibility theorem [2], it is impossible to

aggregate preferences while abiding by a set of seemingly reasonable aggregation principles.

Conceptually, part of the problem is that without knowing anything about how strongly
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individuals prefer one alternative to another, it is difficult to weigh the advantages of one

social alternative over another in a consistent manner.

In contrast to ordinal preferences, cardinal preferences convey strength of preference over

alternatives. They thus facilitate interpersonal comparisons, allowing to balance conflicting

tastes by give and take that is based on how individuals quantify tradeoffs between alternatives.

And indeed, contrary to Arrow’s impossibility theorem for ordinal preferences, Harsanyi [8]

showed how for cardinal (expected utility) preferences, of both the social planner and members

of society, aggregation takes on a simple form. As long as the social planner adheres to the

widely accepted Pareto principle, aggregation must be utilitarian, that is, social decisions are

represented by a weighted sum of the individuals’ cardinal utilities. Admittedly, the social

planner still needs to assign weights to individual utilities, and this is a crucial step in the

comparison of benefits and harms for the different members of society. Nevertheless, the

formation of a social preference under cardinality of preferences is considerably simplified: it

is reduced to the choice of specific weights for the individual utilities.1 2

C. Assumptions leading to cardinality are not always plausible. Cardinality of pref-

erences typically requires a rich domain of alternatives. The key is that alternatives be com-

posed of (at least) two separable components, that allow for the measurement of tradeoffs.

For instance, tradeoffs can be measured when alternatives are composed of both prizes and

probabilities, two conceptually different components. When these two components are re-

garded separately, an appropriate set of axioms yields cardinal preferences. These cardinal

preferences in turn imply that the tradeoff between two prizes is represented by the difference

between their utilities.

Similarly, cardinal preferences are often derived based on alternatives that are composed

of prizes and states of nature, as in Savage [16], or of prizes and time, with appropriate sets

of assumptions. Both time and states of nature can be employed in a similar manner to

probabilities in order to measure tradeoffs, which translate to utility differences.

To obtain simple, utilitarian aggregation of preferences under the Pareto assumption, the

preferences of both the social planner and members of society need to be cardinal. There are,

however, some potential pitfalls.

First, an obstacle might arise when alternatives do not include a distinct component such

as probabilities or the like, or, even if they do, when separability over that component is not

satisfied. For example, alternatives may be bundles of goods without separability between

1 Various methods have been proposed in the literature to resolve relative scaling of individuals’ cardinal
utilities. See, for example, Fleurbaey and Zuber [7] and the discussion and references therein.

2We should mention here that Schmeidler and Kalai [10] showed that even with cardinal preferences, a
cardinal version of IIA that was suggested by Samuelson leads again to impossibility (combined with basic
assumptions). However, in the spirit of the original IIA, this version considers in each application two relative
distances between alternatives. When preferences are cardinal a lot of data is lost by considering only some
relative distances without comparing them, for example, to some benchmark distance.
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different goods. A second problem might arise even when appropriate separability is satisfied

for individual preferences. As a social planner is responsible for the entire society, he or she

may not employ the same decision rule as members of society. For example, the social planner

may exercise more caution than members of society. Separability may therefore not apply for

the social preferences. Moreover, even if alternatives are lotteries, for instance, and individual

preferences take an expected utility form so that tradeoffs with respect to probabilities can be

derived, these tradeoffs may not be relevant for the social decision. An individual may quantify

the tradeoff between two prizes in a particular way when weighing it against probabilities, but

may not feel the same when this tradeoff is used to balance her/his preferences with respect

to those of others.

D. Our result. In this paper we consider a general set of alternatives, without assuming

that alternatives are comprised of separable elements such as probabilities and prizes, time

and prizes, etc. We suppose a family of preference relations on these alternatives, one per each

group in society - individual preferences, the preference of the entire society, and a preference

for every sub-group in society.3 In our first result we formulate conditions on the family of

preference relations that yield the existence of a corresponding family of cardinal utilities,

one per each group in society. These utilities are utilitarian, so that for every partition of

a group in society into sub-groups, the utility for this group is a weighted sum of the sub-

groups’ utilities. In particular, the preference of a group is represented by a weighted sum

of the cardinal utilities of its members. However, setting weights under this result may be

complicated, allowing some, but not full freedom of choice for the social planner. This issue

is explained in detail in Subsection 4.2.

For a simpler characterization of weights, our second theorem adds assumptions that fur-

ther entail that the relative weights assigned to individual utilities are the same across all

utilitarian representations of group preferences.

E. Further on motivation. We offer different interpretations for group preferences, de-

pending on the type of the group. Whenever a group is organic, consisting of individuals

who make joint decisions of their own accord (e.g., when the group is a household), then

the primitive preference relation per this group is interpreted as the joint preference relation

that group members form together voluntarily, without interference of a social planner. The

social planner is assumed to accept the autonomous preferences of organic groups, just as

s/he accepts those of individuals. For other, non-organic groups, the relation is interpreted as

the social planner’s preference for these groups. From a normative point of view, if the social

planner accepts the norms suggested by our axioms, chiefly Pareto and consistency of social

tradeoffs, our results provide guidelines as to how s/he should construct the preferences of

3That is, we consider a single, fixed profile of preferences, as in Harsanyi [8], and not a universal rule over
multiple profiles with consistency requirements across societies, as in Arrow [2].
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non-organic groups (including that of the entire society). Specifically, they imply that there

are cardinal utilities representing the preferences of individuals, so that the utility of each

group is a weighted sum of the utilities of its members.

To apply our results, the social planner would need to elicit the cardinal utilities of indi-

viduals to be aggregated. Our conditions characterize the circumstances under which a social

planner may elicit such cardinal preferences based on consistent social tradeoffs that members

of society make voluntarily when reaching joint decisions with organic groups to which they

belong. These tradeoffs can be derived as long as individuals interact with one another with

the goal of reaching joint decisions, and as long as these interactions comply with our assump-

tions. For example, individuals may be organized in households, and need to make decisions

as a household, so that members of a household have their own personal preferences and in

addition there is a preference of the household. By observing personal and joint decisions

of the household we may learn about tradeoffs between alternatives and thus elicit cardinal

preferences of the household members, along with the utilitarian sum representing the joint

preference of the household.

It should be noted that while the representation we characterize holds whenever prefer-

ences abide by our conditions, the normative appeal of the above motivation depends on our

interpretation of preference reversals within organic groups. We interpret such reversals as

resulting from deliberate compromises undertaken by individuals. We contend that tradeoffs

that result from compromises with significant others express the way in which members of

the social unit consider the preferences of others and thus are relevant to social decisions.

However, if the tradeoffs are the result of other dynamics within the organic groups, such

as excessive bargaining power of one of the members, or a misperception of others’ prefer-

ences, it may not be normatively warranted to take those tradeoffs into account in a social

decision. Our model is thus adequate for use when alternatives and groups are such that

the social planner can safely assume that joint decisions result from voluntary compromises

between individuals, and that members of organic groups are familiar with the preferences of

one another. For instance, think of members of a household that in order to reach a joint

decision discuss the alternatives, become aware of each other’s preferences, and in case there’s

a conflict of preferences one of them compromises.

F. Advantages of our approach. Utilitarianism was criticized, for example by Robbins

[14] and Samuelson [15], for assuming that utilities of individuals can be compared and weighed

relative to one another. According to this criticism, it is meaningless to compare satisfaction

levels of different individuals, hence meaningless to aggregate utilities in the form of a weighted

sum of specific utility indices. Rather, only ordinal preferences should be taken into account

when reaching social decisions.

In our model we consider a general set of alternatives, and each preference, when consid-

ered independently, is merely assumed ordinal. Cardinality of preferences emerges only after
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individuals are placed in a social context, as a result of consistent social tradeoffs, identified

from comparing the preferences of groups with the preferences of their members. In other

words, the component with respect to which tradeoffs of individual preferences are measured

is just other individuals. These tradeoffs are therefore inherent to the social question, derived

precisely from the type of problems for which they are to be used.

If we adopt the interpretation in E above, the tradeoffs elicited express interpersonal

comparisons that individuals voluntarily perform with significant others, and our consistency

assumptions imply that these are also used for interpersonal comparisons between individuals

that do not belong to the same organic group. For example, consider a household consisting

of two individuals. The individuals have their own personal preferences over alternatives, and

in addition there is the preference of the household, expressing the decisions made by the

individuals together. Imagine that the individuals want to go to the mall, and need to decide

whether to ride their bikes or take the bus. If each of the individuals personally prefers taking

the bus then they will probably prefer to take it together. However, if one prefers biking, but

the other would rather take the bus, they will have to compromise. Our model employs such

compromises, comparing those that individuals are willing and unwilling to make, to measure

strength of preference and extract cardinality. A decision whether to allocate bicycle lanes or

bus lanes can then be reached by consulting the preference of society, which is a utilitarian

aggregation of the individual cardinal preferences extracted.

Technically, in the special case where alternatives are allocations of bundles and individuals

only care about their personal bundles, basic assumptions suffice to obtain that there exist

cardinal individual utilities, such that the social planner’s preference for the entire society is

the sum of these individual utilities. Still, with these basic assumptions alone, the individual

cardinal utilities do not convey any meaningful notion of strength of preference, whereas in

our model cardinality results from the social tradeoffs that individuals are willing to make.

Moreover, not only does our setup allow for a general set of alternatives, subject only to

connectivity constraints, but even when allocations are considered, our model can describe

individuals that care about more than their personally allocated bundles. We can therefore

accommodate, for example, preferences over public goods and other-regarding preferences.

An advantage of our second theorem is that the relative weights on the cardinal utilities

of individuals is kept constant across all utilitarian representations of groups to which they

belong. Thus to determine weights the social planner only needs to set the relative weights of

individual utilities once, and not separately for every group. In fact, it suffices to determine

the relative weights between some pairs of individuals — as long as for each pair of individuals

there is a path of others such that for every consecutive two individuals in the path the weights

are determined.

Under the interpretation in E, weights within organic groups are determined by voluntary

compromises that individuals make with one another. That is, members of organic groups
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willingly calibrate their tastes compared to the other members of the group. Consequently,

relative weights on utilities of individuals that belong to the same organic group or to organic

groups with an indirect link (see Subsection 4.2) are endogenously determined and are not

at the discretion of the social planner. Relative weights on utilities of individuals that have

no link (direct or indirect, see again Subsection 4.2) is left to the discretion of the social

planner and not determined within the model (see Footnote 1). In some cases, with enough

intersection between groups, all weights will be determined by individuals’ voluntary choices

(e.g., in the simple case where there is one individual with which everybody else forms organic

groups).

G. Limitations of our approach. The utilitarian representation of groups that we char-

acterize is additive in the individual tastes of group members. It cannot therefore describe

preferences that exhibit complementary group effects such as two individuals who prefer to

ride their bikes when alone, but prefer to take the bus together. This is an implication of

the Pareto assumption we impose. Our conditions imply further restrictions as we suppose

Pareto of tradeoffs, essentially stating that if two individuals/groups unanimously rank the

strength of preference between two pairs of alternatives, both finding the tradeoff between

one pair of alternatives to be larger than the tradeoff between the other pair, then the joint

preference of the two individuals/groups should rank these tradeoffs in the same manner. A

group preference in our model thus consists of balancing the strength of preference between

the members of a group.

This paper demonstrates that it is possible to derive strength of preference and a utilitarian

social choice function directly from preferences, where the strength of preference is measured

through the willingness of individuals to compromise with others, and thus is intrinsic to the

social question. The derivation in the paper can be viewed as a first step, characterizing

a basic, additive form of aggregation across all groups. Related techniques, limiting the

applicability of our main assumptions only to specific preference patterns, can be employed in

the future to characterize other, non-additive patterns of aggregation. For example, a group

preference determined by the minimal evaluation across all group members, or more generally

a minimum utilitarian sum over a set of weights. Future research can also distinguish, in the

primitive level, between the preferences of organic and non-organic groups and characterize

different aggregation rules for each type of group.

To extract strength of preference, significantly more information is needed than when

only the direction of preference is to be extracted. As discussed above, the common way of

obtaining that information is to consider a rich set of alternatives, for instance containing a

distinct component of probabilities, and to impose assumptions separately on each preference

over these alternatives. By contrast, we work with a general set of alternatives, without the

need for a distinct component, and employ instead richness in the social context itself. This

is obtained by supposing as a primitive of the model a family of preference relations, one per
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each group in society. Consequently, our primitive preferences are more demanding than in

most models of social choice, where only individual preferences and a preference for the entire

society are commonly assumed.

Related literature. The following two papers address the same question as we do, charac-

terizing concurrently both cardinality of preferences and a utilitarian social decision.

Piacquadio [13] starts off with ordinal preferences, extracts cardinal utilities based on social

considerations, and aggregates them into a utilitarian social preference. To obtain cardinal

preferences Piacquadio employs conditions that express fairness considerations on the part

of the social planner, translated in the representation to an endogenous choice of expanding

opportunity sets. These opportunity sets reflect a moral stance of the social planner, derived

from the planner’s preferences. Consequently, differences of individual utility values express

the tradeoffs in their well-being levels as these are perceived by the social planner based

on her/his concept of fairness. By setting forth these fairness considerations, Piacquadio’s

model delivers as part of the cardinal utilities also the relative scaling of individuals in society,

resolving interpersonal comparisons according to the value judgments derived from the social

planner’s preferences.

The approach in our paper is different from Piacquadio’s in that here the cardinality

of individual utilities expresses the individuals’ own strength of preference, extracted from

the compromises that they make with significant others. Thus differences of utility values

in our model represent tradeoffs in well-being as perceived by individuals themselves and

not by the social planner, where these tradeoffs are inherently related to the social context.

The additional information that we employ for that derivation consists of more demanding

primitives — a preference for every sub-group in society, not only for individuals and the entire

society. We obtain a social planner who is a utilitarian for every such sub-group, having at

her/his disposal cardinal utilities to be aggregated. For individuals that belong to the same

organic group, or to related groups, the relative scaling of their utilities is not at the discretion

of the social planner, but extracted from observed preferences.

Another method for attributing cardinal meaning to preferences and performing interper-

sonal comparisons, suggested by Edgeworth [6], is to use ‘just noticeable differences’. An-

genziano and Gilboa [1] recently formulated an axiomatic foundation of that idea, using just

noticeable differences to calibrate the well-being of individuals. The representation of per-

sonal preferences and their calibration is motivated by theories of psychological perception,

and by the social planner’s contention that just noticeable differences perceived by different

individuals should obtain equal value.

Lastly, we place our paper in a technical context. Our results rely heavily on the concept

of tradeoffs between outcomes. Comparing tradeoffs between outcomes as a technique for

extracting cardinal utility originated in Thomsen [18], was further developed in Blaschke and

Bol [3] and Debreu [5], and was thoroughly investigated in Krantz, Luce, Suppes and Tversky
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[12] (in a form termed standard sequences). Tradeoffs as are used here were defined and

extensively studied by Wakker, see for example [19] and [11].

Outline of the paper. Section 3 explains the setup that we use, and details the basic set of

assumptions that we make on preferences. Section 4 contains the results, with a basic result

presented in Subsection 4.1, and a special case with two additional assumptions, presented

in Subsection 4.2. The proofs appear in Section 5, with the proofs of auxiliary propositions

detailed in the appendix.

3 Setup and assumptions

Consider a nonempty set of outcomes, X, and a society of individuals N = {1, . . . , n}, 2 ≤
n ∈ N. For every nonempty subset of individuals T ⊆ N there is a binary relation %T over

X. The asymmetric and symmetric parts of each of these relations are denoted by �T and

∼T , respectively. For T = {i} we write %i,�i, and ∼i. An outcome x ∈ X is called minimal

(resp., maximal) for %T if for every y ∈ X, y %T x (resp., x %T y).

The following structural assumption delineates the type of problems that we address, char-

acterized by two topological conditions. These will be satisfied, for example, when alternatives

are bundles in RL
+, and all indifference classes for every relation %T are connected.

A0. Structural assumption.

(a) X is a connected topological space.

(b) For every nonempty set T ⊆ N and every outcome x ∈ X, the indifference class

{y ∈ X | y ∼T x} is connected.

Our first assumption contains a set of basic requirements, stating that each relation %T is

a continuous and non-degenerate complete order.

A1. Non-degenerate continuous weak orders. For every nonempty set T ⊆ N the

relation %T is a non-degenerate, continuous weak order. That is,

(a) For any x, y ∈ X, either x %T y or y %T x (completeness).

(b) For any x, y, z ∈ X, if x %T y and y %T z then x %T z (transitivity).

(c) For every x ∈ X the sets {y ∈ X | y %T x} and {y ∈ X | x %T y} are closed (continuity).

(d) There are xT , yT ∈ X such that xT �T yT (non-degeneracy).
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The following is the first Pareto condition out of the two that we employ in our charac-

terization. This is a standard, strong Pareto condition, extended to the family of relations

{%T}∅6=T⊆N .

A2. Extended Pareto. For any two outcomes x, y ∈ X and for any two nonempty, disjoint

T,G ⊂ N , if x %T y and x %G y, then x %T∪G y.

Furthermore, if any of the two antecedent conditions holds strictly, then the conclusion is

strict as well.

Repeated application of Extended Pareto yields that whenever for a partition of a group

T the preferences per each partition element support a ranking, then so does the preference

for T .

Agreed Improvement, our next axiom, requires some form of unanimity of preferences of

groups in society. The axiom states that it should be possible for any two groups to both

unanimously weakly worsen and unanimously weakly improve over any two outcomes (as long

as these are not perceived by both groups as maximal or minimal). If alternatives are bundles

in RL
+, or allocations of bundles, standard monotonicity of all preferences suffices to fulfill that

requirement. Note also that although the assumption excludes sets of alternatives that consist

only of allocations of a fixed initial amount of resources, we can apply the resource constraint

to monotonic preferences over allocations of bundles in RL
+ in order to choose among the

possible allocations of the specific resources we are interested in.

A3. Agreed Improvement. For any two nonempty, disjoint T,G ⊂ N ,

(a) For every x, y ∈ X that are not minimal for both %T and %G there is an outcome z∗ ∈ X
such that x, y %T z∗ and x, y %G z∗.

(b) For every x, y ∈ X that are not maximal for both %T and %G there is an outcome

z∗ ∈ X such that z∗ %T x, y and z∗ %G x, y.

Diversity, our fourth assumption, is a richness condition. If alternatives are bundles in

RL
+, and under the basic assumptions A1 and A3, it will fail if there are two disjoint groups

T and G, and a bundle x, such that the indifference class of x under %T and the indifference

class of x under %G merge completely (if they partially merge, the axiom will still be satisfied).

A4. Diversity of Tastes. For any two nonempty, disjoint T,G ⊂ N , and for every x ∈ X
which is neither maximal for both %T and %G nor minimal for both, there exists y ∈ X such

that either x �G y and y �T x, or y �G x and x �T y.

Next we define social tradeoffs, the central construct in our paper that is used to extract

cardinality of preferences. The basic idea of social tradeoffs is simple. Consider two individu-
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als, 1 and 2, each having a personal preference over the general set of alternatives, and both

having a joint preference, representing their decisions together. Suppose that 2 is personally

indifferent between two alternatives x and z, as well as between alternatives y and w. This

would mean that as far as 2 is concerned, the comparison between x and y is the same as the

comparison between z and w.

Now inspect the joint preference of 1 and 2. Say that, together, 1 and 2 prefer x over y,

and prefer w over z. We interpret such a situation as a sign that for 1, the tradeoff between

x and y is larger than the tradeoff between z and w.

To see the intuition in this interpretation assume for the sake of the explanation that 2

prefers y to x, hence also w to z. As both comparisons are identical for 2, we attribute the

difference in the joint ranking to 1’s personal preference. The joint preference complies with

2 in ranking w above z, but overturns 2’s preference with regard to x and y. We ascribe this

reversal to the strength of preference of 1, seeing it as a sign that 1 prefers x over y to a

greater extent than s/he prefers (if at all) z over w. That is to say, under these circumstances

we conclude that for 1 the tradeoff between x and y is larger than the tradeoff between z and

w, written x	 y �1 z 	 w. An analogous measurement can be made when individuals 1 and

2 are replaced by groups of individuals T and G.

Social tradeoffs are defined according to this rationale for every nonempty strict group

in society. The definition hinges on preferences, stating that indifferent outcomes yield the

same tradeoffs. That is, strength of preference, manifested in comparisons of tradeoffs, is an

attribute of preference, thus of indifference classes. The definition is followed by an assumption

that guarantees its consistency.

Definition 1. For outcomes x, y, z, w ∈ X and a nonempty T ⊂ N , write

x	 y �T z 	 w

whenever either one of the following holds:

(a) There exists a nonempty G ⊂ N , G ∩ T = ∅, such that,

x ∼G z , y ∼G w , x %T∪G y , w %T∪G z . (1)

If it furthermore holds that x ∼T∪G y and w ∼T∪G z , write x 	 y 'T z 	 w ,

otherwise, x	 y �T z 	 w .

(b) There are x′, y′, z′, w′ ∈ X such that x ∼T x′, y ∼T y′, z ∼T z′, and w ∼T w′, and

x′	 y′ �T z′	w′. If it furthermore holds that x′	 y′ 'T z′	w′, write x	 y 'T z	w ,

otherwise, x	 y �T z 	 w .
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Figure 1: Definition of social tradeoffs

The tradeoffs between the dashed indifference curves of individuals 1 are measured with the aid of individual
2’s full indifference curves, and the joint preference of the individuals, which curves are sketched by dotted
lines. The two individuals’ personal ranking of x vs. y and of z vs. w is opposite. The outcomes satisfy,
x ∼2 z, y ∼2 w, x %{1,2} y, and w %{1,2} z. Hence we conclude that for individual 1 the tradeoff between x
and y is larger than the tradeoff between z and w.

Figure 1 illustrates a measurement of tradeoffs for individual 1 using the personal prefer-

ences of individual 2 and the joint preferences of the two individuals.

Recalling the interpretation of organic and non-organic groups from the introduction, if

T,G and T ∪ G are organic groups, namely, when these are groups reaching joint decisions

voluntarily, the measured tradeoffs are those that the group willingly makes in order to reach

these joint decisions. For example, if T and G are individuals 1 and 2 that form a household

together, tradeoffs are measured based on the compromises the 1 and 2 make with each other

to reach decisions for the household. For non-organic groups the tradeoffs are interpreted as

exhibited by the social planner, and the important point for those is the consistency of the

measurement that we next require.

The assumption that follows guarantees that the definition above is consistent in two re-

spects. First, tradeoffs should be the same no matter where on the indifference classes of a

group they are measured. So any four outcomes x, y, z, w that satisfy the conditions of the

definition should yield the same ranking of tradeoffs. The second type of consistency required

by the assumption is across groups. If a group exhibits some ranking of tradeoffs when mea-

sured through the joint preference with another group, then the same ranking of tradeoffs

will hold if measured using a different group. As a result, tradeoffs derived from voluntary
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compromises of individuals and sub-groups are consistent across organic groups to which they

belong. Moreover, under the consistency we assume the social planner respects those trade-

offs when constructing preferences of non-organic groups, and maintains the comparison of

tradeoffs across non-organic group preferences that s/he constructs. Note that for the entire

society there is no notion of tradeoffs, as it has no individuals outside of it to compromise with.

A5. Consistency of Social Tradeoffs. Let T,G,H ⊂ N be nonempty groups in society

such that T ∩G = T ∩H = ∅. Suppose that for outcomes x, y, z, w, x′, y′, z′, w′ ∈ X,

(a) x ∼T x′, y ∼T y′, z ∼T z′, and w ∼T w′

(b) x ∼G z and y ∼G w

(c) x′ ∼H z′, and y′ ∼H w′

Then x %T∪G y , w %T∪G z and y′ %T∪H x′ imply w′ %T∪H z′ .

If the implication of the axiom would not hold, but instead z′ �T∪H w′, we would obtain,

according to the definition of tradeoffs, both x	 y �T z 	 w and z 	 w �T x	 y.

The definition of social tradeoffs and the corresponding consistency requirement make

sense as long as a reversal in the preferences of a group T ∪G is the result of the strength of

preference separately perceived by the groups T and G composing it. This type of consistency

excludes situations in which tradeoffs between alternatives may be perceived differently by

a group T , depending on the presence of another group G. The group effects described, as

discussed in the introduction, are hence additive in nature.

Consistency conditions in the spirit of A5 are known to yield additive representations of

preferences. Wakker (e.g., [19] and [11]), in a framework of preferences over uncertain acts,

defined tradeoffs over states of nature and imposed corresponding tradeoff consistency to

obtain a subjective expected utility representation. Wakker further derived generalizations of

subjective expected utility, such as non-additive (Choquet) expected utility due to Schmeidler

[17], by limiting consistency to hold for specific sets of acts.

Just as consistency of tradeoffs over states resulted in additivity of the representation

over those states, we derive additivity over individual preferences, in the form of utilitarian

aggregation, using consistency of tradeoffs over the social component. Future research may

explore how limiting A5 to hold only for some sets of alternatives may characterize more

diverse types of aggregation rules, that are not necessarily additive (this may require limiting

the applicability of the Pareto assumption as well).

The last assumption for our first, more general representation theorem is an indifference

Pareto assumption applied to the ranking of tradeoffs.
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A6. Tradeoff Indifference-Pareto. Let T,G ⊂ N be nonempty disjoint groups in society

such that T ∪G 6= N , and let x, y, z, w ∈ X be outcomes. Then,

x	 y 'T z 	 w and x	 y 'G z 	 w =⇒ ¬(x	 y �T∪G z 	 w) .

The conditions in (A6) that concern the comparison of tradeoffs are satisfied only when

the ranking of tradeoffs can be established as per Definition 1. The axiom states that when

two tradeoffs are indifferent according to two disjoint groups, so that according to both groups

trading y for x is the same as trading w for z, then it cannot be that according to the two

groups together, trading y for x is better than trading w for z. That is, if the tradeoffs can

be compared by the union of the groups, then they should be the same.

4 Results

4.1 A basic representation

We begin with two definitions that we employ to obtain the if and only if representation

theorems in this section.

Definition 2. A pair of utilities UT , UG : X −→ R is jointly improvable if for any two

outcomes x, y ∈ X,

(a) If neither of x, y obtains both minz∈X UT (z) and minz∈X UG(z), then there exists z∗ ∈ X
such that: UT (x), UT (y) ≥ UT (z∗) and UG(x), UG(y) ≥ UG(z∗).

(b) If neither of x, y obtains both maxz∈X UT (z) and maxz∈X UG(z) then there exists z∗ ∈ X
such that: UT (z∗) ≥ UT (x), UT (y) and UG(z∗) ≥ UG(x), UG(y).

Definition 3. A pair of utilities UT , UG : X −→ R is diversified if for any outcome x ∈ X
that neither obtains both minz∈X UT (z) and minz∈X UG(z) nor obtains both maxz∈X UT (z)

and maxz∈X UG(z), there exists y ∈ X such that,

UT (y) > UT (x) and UG(x) > UG(y) or UT (x) > UT (y) and UG(y) > UG(x) .

Our first theorem proves that the six axioms presented above are equivalent to the existence

of cardinal utilities {UT}∅6=T⊆N representing the preferences of every sub-group T in society.

These utilities satisfy additive aggregation, in that for any two disjoint groups T and G, the

cardinal utility representing the preferences of the union T ∪ G is a weighted sum of the

cardinal utilities representing the preferences of T and G. As part of the theorem we obtain

that the cardinal utilities derived are jointly cardinal. Namely, if there are other cardinal

utilities {ÛT}∅6=T⊆N representing the preferences of sub-groups in society in the same additive

manner, then there are θ > 0 and {ξT}∅6=T⊆N , such that ÛT = θUT + ξT for every T . In other
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words, the cardinal utilities derived within the theorem are calibrated relative to one another

so that across-group comparisons are determined.

Theorem 1. Let {%T}∅6=T⊆N be binary relations on X. Assume that A0 holds. Then the

following two statements are equivalent:

(i) {%T}∅6=T⊆N satisfy A1–A6.

(ii) There exist continuous non-constant utility functions {UT : X → R | ∅ 6= T ⊆ N} such

that UT represents %T , and for every pair of nonempty, disjoint groups of individuals

G, T ⊂ N ,

UG∪T = λG∪TG UG + λG∪TT UT , λG∪TG , λG∪TT > 0 .

Furthermore, {UT}∅6=T⊆N are jointly cardinal, and for any two nonempty, disjoint sets

T,G ⊂ N , UT and UG are jointly improvable and diversified.

Corollary 1. Let {%T}∅6=T⊆N be binary relations on X. Assume that A0 holds, and that

these relations satisfy A1–A6. Then there are jointly cardinal utilities {Ui}i∈N , such that for

every nonempty group of individuals T ⊆ N , the relation %T is represented by,

UT =
∑
i∈T

λTi Ui , λTi > 0 . (2)

The corollary is easily obtained by applying the theorem over and over again to T , parti-

tioning T into two nonempty subsets, then partitioning these subsets, and so on, until each

subset is a singleton. The weight on the utility of an individual in the utilitarian sum UT

depends on the group T . Thus, the relative weight on the utilities of two individuals may

differ across groups to which they both belong. In the next subsection we discuss the choice of

weights and characterize a more specialized representation in which relative weights are fixed

across different groups.

4.2 A specialized representation

A natural question that arises from the previous result is how much freedom the social planner

has in forming a utility for a sub-group in society. Can the social planner fix any weights on the

utilities of individuals who belong to the group, or is s/he bound by weights within utilitarian

sums that represent preferences of other groups? The answer is, it depends.

Consider first groups other than the entire society. If the individual utilities of all group

members are linearly independent, then linear combinations of these utilities are unique.

Theorem 1 implies that whenever i and j belong to a group T , the utility per T can be

represented as a weighted sum of U{i,j} and UT\{i,j}, which can be further partitioned until

a representation as in (2) is obtained. This representation, once all individual utilities are
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linearly independent, is unique. The relative weight on the utilities of two individuals i and

j is therefore fixed across utilitarian representations of different groups to which they belong,

equal to the relative weights within U{i,j}.

However, if individual utilities are linearly dependent, then a utilitarian representation of

the preferences of a group may not be unique, thus the relative weight of the utilities of two

individuals may vary across groups. In such cases the social planner has more freedom in

determining the weights, however the choice of weights becomes more complicated. @@The

online appendix@@ contains an example demonstrating these points.

Even when individual utilities are linearly independent, the conditions introduced thus far

do not guarantee that the utilitarian representation of the preferences of the entire society

is unique. The reason is that for the entire society tradeoffs between outcomes are not even

defined, as there are no additional individuals to compromise with. The obtained representa-

tion of the preferences of the entire society is therefore not cardinal but merely ordinal (order

preserving), and the relative weights on individual utilities within that sum need not be the

same as in other groups to which the individuals belong, even if individual utilities are linearly

independent.

To obtain that the relative weight on the utilities of two individuals is the same across

all groups to which they both belong, even within the utilitarian sum representing the pref-

erences of the entire society, our second theorem offers a more specialized characterization.

Two conditions are added to those in Section 3 in order to obtain fixed relative weights on

individual utilities. The first condition requires that for every individual there exist two out-

comes over which this individual, and only this individual, has a strict preference. These

would supposedly be outcomes that are relevant for this individual alone and do not concern

all other members of society (for instance, whether the individual wears a pink or a white

shirt). We assume the existence of such outcomes at the outset as a structural assumption.4

Once cardinal utilities are derived using the other assumptions, this condition readily implies

that they are linearly independent.

A0′. Purely Private Outcomes. For every i ∈ N there are outcomes xi, x
i ∈ X such that

xi �i xi and xi ∼j xi for every j 6= i.

Lastly, assumption A7 below characterizes a preference for the entire society that itself has

cardinal content. The underlying motivation is that since tradeoffs are meaningful for all parts

of society (individuals and partial groups), then they should also be meaningful for the entire

society, so that they may be used for weighing and comparing alternatives. The antecedent

conditions in the assumption describe a situation where two complementary parts of society

4We could add this assumption as one of the assumptions in (i) of the theorem, but to maintain the if
and only if statement we would just need to state the same existence of purely private outcomes in terms of
utilities, which does not seem to be helpful.
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find the tradeoff between x and y to be equal to the tradeoff between z and w. We would

like to say that in that case the social planner also perceives these two tradeoffs as identical.

This kind of perception could be useful as it would imply that the social planner prefers x

over z for the entire society if and only if s/he prefers y to w, as once x is preferred to z,

the equally-distanced, in terms of preference, y and w, should maintain that preference. For

tradeoffs to be thus meaningful for the preferences of the entire society, such a comparison of

tradeoffs should be consistent. Namely, it shouldn’t be possible to arrive at the contradiction,

that the tradeoff between x and y is different than the tradeoff between z and w, by looking

at a different partition of society. As tradeoffs are a product of preference, this consistency

needs to be maintained across outcomes that are equally preferred.

A7. Consistency of Tradeoffs for the Entire Society. Let T,G ( N be nonempty

groups in society, and let x, y, z, w ∈ X be outcomes such that,

x	 y 'T z 	 w and x	 y 'N\T z 	 w .

If x′, y′, z′, w′ ∈ X satisfy x′ ∼N x, y′ ∼N y, z′ ∼N z, w′ ∼N w, then

x′ 	 y′ 'G z′ 	 w′ =⇒ ¬(x′ 	 y′ �N\G z′ 	 w′) .

Similar to the Tradeoff Indifference-Pareto assumption (A6), since tradeoffs are not always

comparable, the conclusion in the axiom is formulated in a negative manner. It follows that

either x′	 y′ 'N\G z′	w′, or otherwise these two tradeoffs cannot be compared according to

N \G.

Under the extended set of axioms we can prove our second representation theorem.

Theorem 2. Let {%T}∅6=T⊆N be binary relations over X, and assume that A0 and A0′ hold.

Then the following two statements are equivalent:

(i) {%T}∅6=T⊆N satisfy A1–A7.

(ii) There exist continuous utility functions u1, . . . , un : X → R, such that for each nonempty

T ⊆ N , %T is represented by,

UT =
∑
i∈T

ui .

Furthermore, the utilities {ui}i∈N are jointly cardinal, and for any two nonempty, dis-

joint sets T,G ⊂ N , UT and UG are jointly improvable and diversified.

As noted above, {ui}i∈N that are derived according to the theorem are linearly independent

on account of (A0′), which supposes the existence of purely private outcomes.
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The more specific representation is simpler in its form, implying fixed relative weights

on individual utilities. On the one hand, the required consistency of weights across different

groups limits the type of preference profiles that can be described. On the other hand, the

ethical task of weighing and calibrating individual tastes relative to one another is simplified.

Following the interpretation of organic and non-organic groups, once individuals belong to the

same organic group the relative weights on their utilities are determined by the compromises

they are willing to make with one another. These relative weights carry over to utilitarian rep-

resentations of preferences of non-organic groups to which both individuals belong. Moreover,

weights are indirectly determined by membership in organic groups with other individuals, as

explained in the next paragraph.

Consider a graph with nodes that correspond to members of society, and edges that connect

individuals whenever they belong to the same organic group. Fix individual utilities (choose a

scale for each, and some mutual location for simplicity). Due to the consistency of weights on

individual utilities across different groups, the relative weight of the utilities of individuals i

and j within the same connectivity component of the graph is unique, and equals the product

of relative weights of neighboring individuals along a path between i and j. The path may

consist of one edge if i and j belong to the same organic group, or multiple edges if there

is a sequence of individuals starting with i and ending with j, where each two consecutive

individuals belong to the same organic group. In any case each possible path will yield

the same relative weight following the consistency implied by the theorem. Across different

connectivity components the social planner may choose weights as s/he sees fit.

Altogether, the weights on individual utilities within the same connectivity component are

set based on voluntary decisions those individuals make with their organic groups, and are

thus the result of the individuals’ own consideration of others in a social context. The social

planner is left with the need to interpersonally compare only such groups in society that have

no link, not even an indirect one.

5 Proofs

5.1 Proof of Theorem 1

5.1.1 Necessity: the axioms hold ((ii) implies (i))

Suppose there exist continuous utility functions {UT}∅6=T⊆N over X as in (ii) of the theorem.

Assumptions (A1) and (A2) immediately follow. Agreed Improvement (A3) and Diversity

of Tastes (A4) follow from the supposition that the corresponding UG and UT are jointly

improvable and diversified.

To prove that Consistency of Social Tradeoffs (A5) holds, let T,G,H ⊆ N be nonempty

subsets of individuals such that T ∩ G = T ∩ H = ∅, and let x, y, z, w, x′, y′, z′, w′ ∈ X be

outcomes, such that, (a) x ∼T x′, y ∼T y′, z ∼T z′, w ∼T w′, (b) x ∼G z, y ∼G w, and (c)
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x′ ∼H z′, y′ ∼H w′.

Suppose that x %T∪G y , w %T∪G z , and y′ %T∪H x′ . Then, expressing those preference

relationships through the utilities representations,

(a′) UT (x) = UT (x′), UT (y) = UT (y′), UT (z) = UT (z′), and UT (w) = UT (w′) ,

(b′) UG(x) = UG(z), UG(y) = UG(w) ,

(c′) UH(x′) = UH(z′), UH(y′) = UH(w′) , and

(d′) λG∪TT UT (x) + λG∪TG UG(x) ≥ λG∪TT UT (y) + λG∪TG UG(y),

λG∪TT UT (w) + λG∪TG UG(w) ≥ λG∪TT UT (z) + λG∪TG UG(z), and

λH∪TT UT (y′) + λH∪TH UH(y′) ≥ λH∪TT UT (x′) + λH∪TH UH(x′) .

Substituting (b′) in the first two inequalities in (d′) yields UT (x) − UT (y) ≥ UT (z) −
UT (w), and together with (a′), UT (x′) − UT (y′) ≥ UT (z′) − UT (w′). Employing (c′), the

third inequality in (d′) becomes, λH∪TH (UH(w′)− UH(z′)) ≥ λH∪TT (UT (x′)− UT (y′)), hence

λH∪TH (UH(w′)− UH(z′)) ≥ λH∪TT (UT (z′)− UT (w′)), implying the required w′ %T∪H z′.

Tradeoff Pareto (A6) easily follows by noting that whenever tradeoffs are comparable, a

tradeoff preference relationship holds if and only if differences of the corresponding utility

are equal. Since in the axiom all tradeoffs are assumed to be comparable, the axiom simply

states that inequality of utility differences according to UT and UG implies inequality of those

differences according to the utility UG∪T , a trivial implication of the additive representation

assumed in (ii) of the theorem.

5.1.2 Sufficiency: the representation holds ((i) implies (ii))

For clarity, we include in this subsection only the outline of the proof, composed of three

logical steps, each formulated as a proposition. The detailed proofs of the propositions can

be found in the appendix.

The first proposition states that for any fixed nonempty disjoint sets G, T ⊂ N , there

exists an additive representation of %G∪T .

Proposition 1. Let G, T ⊂ N be two disjoint subsets of individuals. Then there are utility

functions UG∪T
G , UG∪T

T : X → R such that UG∪T
G represents %G, UG∪T

T represents %T , and

UG∪T
G + UG∪T

T represents %G∪T .

Furthermore, the utilities that deliver this additive representation are jointly cardinal,

namely, if there are ÛG, ÛT that obtain the same form of additive representation, then ÛG =

τUG∪T
G + ρG, ÛT = τUG∪T

T + ρT , for τ > 0.

The proof can be found in the appendix, in Subsection 6.1.1.

According to Proposition 1, for any two nonempty disjoint sets T,G ⊂ N , there exists a

representation UT∪G = UT∪G
T +UT∪G

G of %T∪G with continuous, jointly cardinal utilities UT∪G
T
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and UT∪G
G that represent %T and %G, respectively. Likewise, there exists a representation

UN = UN
T +UN

N\T of %N with continuous, jointly cardinal utilities UN
T and UN

N\T that represent

%T and %N\T , respectively. The next proposition states that UT∪G
T = βUN

T + τ for some

τ, β ∈ R, β > 0. The proof of the proposition appears in the appendix in Subsection 6.1.2.

Proposition 2. Let G, T ⊂ N be two disjoint sets. Let UG∪T
G + UG∪T

T be the additive

representation of %G∪T and UN
N\T + UN

T be the additive representation of %N , as obtained

according to Proposition 1. Then there are β, τ ∈ R, β > 0, such that UT∪G
T = βUN

T + τ .

According to Proposition 2, all the utilities UG∪T
T , derived within additive representations

UG∪T
G + UG∪T

T of %G∪T for nonempty subsets of individuals G ⊂ N disjoint from T , are

cardinally the same.

Let T ( N be a subset containing at least two individuals, and let UN
T denote the cardinal

utility representing %T that results from applying Proposition 1 to %T ,%N\T and %N . For

a nonempty H ( T let UT denote the cardinal utility representing %T within the additive

representation of %T as obtained from partitioning T into H and T \H. Both utilities represent

%T . According to the next proposition, UN
T and UT are cardinally the same.

Proposition 3. Let T,H ( N be nonempty sets such that H ( T . Let UN
N\T + UN

T be the

additive representation of %N and UT
H +UT

T\H the additive representation of %T , as obtained

according to Proposition 1. Then there are γ, ξ ∈ R, γ > 0, such that UN
T = γUT + ξ.

The proof of the proposition can be found in Subsection 6.1.3 in the appendix.

We thus established that for every nonempty group of individuals T ( N , the utilities UT

that are obtained as the additive sum UT = UT
H +UT

T\H for nonempty groups H ( T (if those

exist), and the utilities UT∪G
T that are obtained within the additive sum UT∪G = UT∪G

T +UT∪G
G

for nonempty groups G ⊆ N \ T , are all cardinally related, namely, they are positive affine

transformations of one another.

Choose for each T ⊆ N a calibration and denote the utility thus calibrated by UT . Hence

there are utilities {UT}∅6=T⊆N such that for every nonempty disjoint sets G, T ⊂ N ,

UG∪T = λG∪TG UG + λG∪TT UT , with λG∪TG , λG∪TT > 0 .

The fact that the coefficients are strictly positive follows from the strong form of Pareto (A2)

that we use.

The utilities {UT}∅6=T⊆N are jointly cardinal, owing to the joint cardinality for every ad-

ditive representation that is obtained at the beginning of the proof. Finally, for nonempty,

disjoint G, T ⊂ N , UG and UT are jointly improvable as a result of Agreed Improvement (A3),

and are diversified because of Diversity of Tastes (A4).
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5.2 Proof of Theorem 2

5.2.1 Necessity: the axioms hold ((ii) implies (i))

On top of Theorem 1 it only remains to verify that A7 holds. Suppose sets T,G ( N , and

outcomes x, y, z, w, x′, y′, z′, w′ ∈ X such that, x 	 y 'T z 	 w, x 	 y 'N\T z 	 w, x′ ∼N x,

y′ ∼N y, z′ ∼N z, w′ ∼N w, x′ 	 y′ 'G z′ 	 w′. Then,∑
i∈T

(ui(x)− ui(y)) =
∑
i∈T

(ui(z)− ui(w)) ,
∑

i∈N\T

(ui(x)− ui(y)) =
∑

i∈N\T

(ui(z)− ui(w)) ,

∑
i∈N

ui(x
′) =

∑
i∈N

ui(x) ,
∑
i∈N

ui(y
′) =

∑
i∈N

ui(y) ,
∑
i∈N

ui(z
′) =

∑
i∈N

ui(z) ,
∑
i∈N

ui(w
′) =

∑
i∈N

ui(w)∑
i∈G

(ui(x
′)− ui(y′)) =

∑
i∈G

(ui(z
′)− ui(w′)) ,

implying that,∑
i∈G

(ui(x
′)− ui(y′)) +

∑
i∈N\G

(ui(x
′)− ui(y′)) =

∑
i∈N

(ui(x
′)− ui(y′)) =

∑
i∈N

(ui(x)− ui(y)) =

∑
i∈T

(ui(x)− ui(y)) +
∑

i∈N\T

(ui(x)− ui(y)) =

∑
i∈T

(ui(z)− ui(w)) +
∑

i∈N\T

(ui(z)− ui(w)) =
∑
i∈N

(ui(z)− ui(w)) =
∑
i∈N

(ui(z
′)− ui(w′)) =

∑
i∈G

(ui(z
′)− ui(w′)) +

∑
i∈N\G

(ui(z
′)− ui(w′))

=⇒
∑

i∈N\G

(ui(x
′)− ui(y′)) =

∑
i∈N\G

(ui(z
′)− ui(w′)) .

Therefore it cannot hold that x′ 	 y′ �N\G z′ 	 w′, as that would imply the inequality∑
i∈N\G(ui(x

′)− ui(y′)) >
∑

i∈N\G(ui(z
′)− ui(w′)).

5.2.2 Sufficiency: the representation holds ((i) implies (ii))

To show that the assumptions imply the representation it should be proved that adding A0′

and A7 to A1–A6 is equivalent to the existence of utilities {u1}i∈N such that the utilities

UT from (ii) of Theorem 1 are the corresponding sums of the ui’s. For simplicity, we shift all

these utilities UT to the same location. Fix x∗ ∈ X that is neither unanimously minimal nor

unanimously maximal, and assign UT (x∗) = 0 for every nonempty T ⊆ N .

The next proposition shows that the utility UN that we obtain is cardinal as well. Namely, if

we consider the additive representations ÛN = λNGUG+λNN\GUN\G and UN = λNT UT+λNN\TUN\T ,

then these are affine transformations of one another.
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Proposition 4. Let T,G ( N be two nonempty sets. Following part (ii) of Theorem 1, let

UN = λNT UT + λNN\TUN\T be the additive representation obtained using the partition of N into

T and N \ T , and let ÛN = λNGUG + λNN\GUN\G be the additive representation obtained using

the partition of N into G and N \G. Then ÛN = γUN for γ > 0 (recall that the same location

is set for both utilities).

The proof appears in the appendix, in Subsection 6.1.4.

For every group T ( N , the utilitarian representation of %N can be obtained by first

partitioning N into T and N \ T and applying Theorem 1, and then repeatedly applying

Theorem 1 to further partitions of the contained sets, until no more partitions are possible.

The utilitarian sum obtained by that order of partitioning, UN =
∑
i∈N

λNi Ui, will satisfy,∑
i∈T λ

N
i Ui = θTUT . Purely Private Outcomes (A0′) implies that the utilities U1, . . . , Un are

linearly independent, and by Proposition 4, the utility UN is cardinal. The obtained utilitarian

sum UN =
∑

i∈N λ
N
i Ui must therefore be the same regardless of the order of partitioning. The

result follows with ui = λNi Ui. Joint cardinality of the utilities u1, . . . , un is implied by the

joint cardinality in Theorem 1.
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6 Appendix

6.1 Proofs of the propositions

For outcomes x, y, z, w ∈ X and a nonempty subset T ⊂ N we say that the tradeoffs x 	 y
and z 	 w are comparable according to %T or that they are %T -comparable whenever either

x	 y �T z 	 w or z 	 w �T x	 y. Note that x	 y and z 	 w such that x ∼T y ∼T z ∼T w

are always comparable, satisfying x	 y 'T z	w, by considering the %T -indifferent x, x, x, x,

which trivially satisfy the condition in Definition 1. For a set E we denote the interior of E

by int(E), and the closure of E by cl(E).
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6.1.1 Proof of Proposition 1

By the basic assumptions there exist continuous utility functions representing %G and %T .

Denote them uG and uT , respectively. The proof of the proposition starts by mapping each

point x ∈ X to its utilities image, (uG(x), uT (x)), and working with the standard topology on

R2. An additive representation UG∪T = UG + UT of %G∪T is derived in this utilities space, by

considering the binary relations induced there by the relations %G, %T and %G∪T . For the

relations %G and %T , the induced relations in utilities space simply translate to the real order

on each of the two coordinate axes. The induced joint relation, also denoted %G∪T , is defined

by (uG(x), uT (x)) %G∪T (uG(y), uT (y)) ⇐⇒ x %G∪T y. It is well defined owing to Extended

Pareto (A2), which asserts that for two outcomes x and y, uG(x) = uG(y) and uT (x) = uT (y)

imply x ∼G∪T y.

To obtain an additive representation in utilities space, Corollary 2.3 (and the related

Theorem 3.3) of Chateauneuf and Wakker [4] is applied on the utilities image of X under

(uG(·), uT (·)), namely on

E = { (uG(x), uT (x)) | x ∈ X } .

Corollary 2.3 relies on an assumption, marked 2.1 in that paper, stating the connectedness

of various sets, and requiring the relation %G∪T to satisfy monotonicity and continuity. Mono-

tonicity of %G∪T is with respect to the coordinate relations, in our case monotonicity with

respect to %G and %T , which follows from Extended Pareto (A2). Lemmas 1–7 below estab-

lish that all the other components of Assumption 2.1, as well as the additional assumption in

Theorem 3.3, in Chateauneuf and Wakker [4], are satisfied.

The first lemma proves that the image of any connected set F ⊂ E under the inverse

correspondence (uG, uT )−1 is connected as well. This follows from the fact that correspondence

(uG, uT )−1, from E toX, is upper semicontinuous, together with a result stating that the image

of a connected set under an upper semicontinuous correspondence is also connected.

Lemma 1. Let F ⊂ E be a connected set in the relative standard topology on E. Then

(uG, uT )−1(a, t) is connected with respect to the topology over X induced by the orders %G

and %T .

Proof. Upper semicontinuity of (uG, uT )−1 requires that for every (a, t) ∈ E and every open

subset O ⊂ X containing (uG, uT )−1(a, t), there exist a neighborhood N(a, t) of (a, t), such

that (uG, uT )−1(b, s) ⊆ O for all (b, s) ∈ N(a, t). It suffices to show the desired inclusion for

each of the sets of the forms: {z ∈ X | z �G x}, {z ∈ X | z �T x}, {z ∈ X | x �G z}, and

{z ∈ X | x �T z}.
Fix w ∈ X, consider the open set O = {z ∈ X | z �G w}, and assume (uG, uT )−1(a, t) ⊂ O.

This implies that a > uG(w). Set N(a, t) = {(b, s) | b > uG(w)}, so N(a, t) is a neighborhood

of (a, t). For every (b, s) ∈ N(a, t), each y ∈ (uG, uT )−1(b, s) satisfies y �G w. Therefore,

(uG, uT )−1(b, s) ⊂ O. The same arguments prove the inclusion for O = {z ∈ X | w �G z} and

for the same open sets with �T instead of �G. It follows that the same holds for any open
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set in the order topology on X generated by those sets. Consequently (uG, uT )−1 is upper

semicontinuous, and by a result from Hiriart-Urruty [9], it maps connected sets F ⊂ E into

connected ones. �

Connectedness of inverse images under (uG, uT )−1 lets us prove the following useful lemma.

Lemma 2. For every x ∈ X which is neither maximal for both %T and %G nor minimal for

both, the sets {(uG(y), uT (y)) | y ∈ X, uG(y) = uG(x)} and {(uG(y), uT (y)) | y ∈ X, uT (y) =

uT (x)} are non-degenerate intervals in E.

Proof. Our structural assumption states that for every x ∈ X, the sets {y ∈ X | y ∼G x} and

{y ∈ X | y ∼T x} are connected. The utilities uG and uT are continuous, therefore the above

sets of utility values, contained in R, are connected, that is, they are intervals. In order to

prove that these intervals are non-degenerate, it is shown that Diversity (A4) implies that for

every x ∈ X that is neither maximal for both %T and %G, nor minimal for both, there exist

z′, z′′ such that z′ ∼G x and z′′ ∼T x, while z′′ �G x and z′ �T x.

Let x ∈ X. Diversity (A4) states that there exists y ∈ X such that y �G x and x �T y,

or y �T x and x �G y. Suppose, w.l.o.g., that the former holds. The set {z ∈ X | z �G x} is

the image of the set F = {(a, t) ∈ E | a > uG(x)} under (uG, uT )−1. According to Lemma 1,

if F is connected with respect to the relative standard topology of E, then {z ∈ X | z �G x}
is connected as well. It is now shown by negation that F is indeed connected.

Suppose, on the contrary, that there are two non-empty, disjoint sets, A and B, closed in

the relative standard topology of F whose union is F , and intersection is empty. Recall that

E is connected, hence cl(A∪ (E \F )) and cl(B) must have a nonempty intersection, as these

are two non-empty, closed sets in the relative topology of E whose union is the entire E. The

same is true for cl(B ∪ (E \F )) and cl(A). Points in both these intersections must have their

first coordinate equal uG(x). It follows that there is a sequence of points in B, ((bBn , s
B
n ))n,

which converges to a point (uG(x), sB), and a sequence of points in A, ((bAn , s
B
n ))n, which

converges to a point (uG(x), sA). We reach a contradiction by proving that A and B must

contain points with the same first coordinate, which by the connectedness of the images of

%G-indifference classes implies that the entire interval between those points must be contained

in E, contradicting the fact that A and B are closed in the relative topology of F and disjoint.

Suppose that A contains two points, (bAm, s
A
m) and (bAn , s

A
n ), for uG(x) < bAn < bAm. If A

does not include points (bAk , s
A
k ) for bAn < bAk < bAm, then E can be partitioned into the sets

A ∩ {(b, s) | b ≥ 2bAm+bAn
3
} and (E \ F ) ∪ B ∪ (A ∩ {(b, s) | b ≤ bAm+2bAn

3
}), which are disjoint,

relatively closed, and such that their union is E. This contradicts the connectedness of E.

Hence, whenever A contains points (bAm, s
A
m) and (bAn , s

A
n ), it also contains points (bAk , s

A
k ), for

every bAn < bAk < bAm. The same holds for B.

Let ε > 0. There exists a point (bAm, s
A
m) ∈ A such that 0 < bAm − uG(x) < ε, and in

the same manner there are points (bAn , s
A
n ) ∈ A and (bBr , s

B
r ), (bB` , s

B
` ) ∈ B such that 0 <

bBr − uG(x) < bAn − uG(x) < bB` − uG(x) < bAm − uG(x). According to the previous paragraph,

it follows that both A and B contain points (b, s) for every bAn ≤ b ≤ bB` . Set one such
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value b, let (b, s′) ∈ A and (b, s′′) ∈ B, and suppose w.l.o.g. that s′ ≤ s′′. As was proved

above, {(uG(y), uT (y)) | y ∈ X, uG(y) = b} is an interval (b is obtained as a first coordinate

in E, therefore it is uG(y) for some y). As a result, F must include the entire interval

{(b, s) | s′ ≤ s ≤ s′′} (where b > uG(x)), contradicting the choice of A and B as disjoint and

closed in the relative topology of F . Thus, F is connected, hence {z ∈ X | z �G x}, its inverse

image under (uG, uT )−1, is connected as well, following Lemma 1.

Consider the division of the connected {z ∈ X | z �G x} into the sets {z ∈ X | x %T

z} ∩ {z ∈ X | z �G x} and {z ∈ X | z %T x} ∩ {z ∈ X | z �G x}. These two sets are closed

in the relative topology of {z ∈ X | z �G x} and their union is the entire {z ∈ X | z �G x}.
The first set is nonempty, as we assumed that the former option of Diversity is satisfied, that

is, that there exists y ∈ X satisfying y �G x and x �T y. The second set is nonempty because

by Agreed Improvement (A3), there is z such that z %G x, y and z %T x, y, hence z �G x and

z %T x. It follows that the intersection of these two sets is nonempty, namely, there exists

z′ ∈ X such that z′ �G x and z′ ∼T x. In the same manner, the set {z ∈ X | x �T z} can

be shown to be connected, and by analogously considering the sets {z ∈ X | x %G z} ∩ {z ∈
X | x �T z} and {z ∈ X | z %G x} ∩ {z ∈ X | x �T z} it is established that there exists

z′′ ∈ X such that z′′ ∼G x and x �T z′′.

If the second option of diversity holds, meaning that there is y ∈ X such that x �G y

and y �T x, then the proof may be repeated with the connected sets {z ∈ X | x �G z} and

{z ∈ X | z �T x}. In any case, it results that for every x ∈ X there exist z′, z′′ ∈ X such that

z′ �G x, z′ ∼T x, z′′ ∼G x, z′′ �T x.

Now return to the set {(uG(y), uT (y)) | y ∈ X, uG(y) = uG(x)} for x ∈ X. We already

proved that this set is an interval. As there is z′′ ∈ X such that z′′ ∼G x but z′′ �T x, this

interval is non-degenerate. The same argument leads to that conclusion for the other interval.

�

Lemma 3. E ⊆ cl(int(E)).

Proof. We show that for each point (a, t) in E, which is neither the utilities image of an

outcome that maximal for both %T and %G, nor the utilities image of an outcome that is

minimal for both %T and %G, every neighborhood of (a, t) intersects int(E). According to

Lemma 2, {s | (a, s) ∈ E} is a non-degenerate interval which contains t, and {b | (b, t) ∈ E} is

a non-degenerate interval containing a. Suppose that in these intervals, there are s > t such

that (a, s) ∈ E, and b > a such that (b, t) ∈ E, hence (a, r) ∈ E for every t ≤ r ≤ s, and

(c, t) ∈ E for every a ≤ c ≤ b.

By Lemma 2, if there is a point (c, r) in E such that a < c ≤ b and t < r, then the

interval {(c, r′) | t ≤ r′ ≤ r} is in E, and by applying Lemma 2 to points on this interval

with r′ ≤ min (r, s), and to points on the interval {(a, r′) | t ≤ r′ ≤ min (r, s)}, all the points

in the rectangle with the vertices (a, t), (a,min (r, s)), (c,min (r, s)) and (c, t) are included in

E. Every neighborhood of (a, t) intersects this rectangle, hence every neighborhood of (a, t)
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contains interior points of E. Symmetrically, this neighborhood exists if there is a point (c, r)

in E such that t < r ≤ s and a < c.

Otherwise, there is no point (c, r) with a < c ≤ b and t < r, nor with t < r ≤ s and

a < c. However, by A3, since (a, s) and (b, t) are the utilities images of outcomes that are

neither maximal for both %T and %G nor minimal for both, there is (d, `) such that d ≥ b and

` ≥ s, contradicting the connectedness of E. Therefore there must exist a point (c, r) with

either a < c ≤ b or t < r ≤ s, and the intersecting neighborhoods as above follow. Similar

intersection of neighborhoods with points in int(E) follows if in the intervals going through

(a, t) there are points (a, s), (b, t) ∈ E with s < t and b < a (by using (d, `) such that d ≤ b

and ` ≤ s).

Otherwise, suppose that on the intervals going through (a, t) there are points (a, s), (b, t) ∈
E with s > t and b < a. Lemma 2 implies that (a, r) ∈ E for every t ≤ r ≤ s, and (c, t) ∈ E for

every b ≤ c ≤ a. If there exists a point (c, r) ∈ E with c < a and r > t, then by connectedness

there must be a point (c, r) with either b ≤ c < a or t < r ≤ s. In that case a rectangle of

interior points as above is obtained that intersects each neighborhood of (a, t).

Otherwise there is no point (c, r) ∈ E with c < a and r > t. Suppose that there is a point

(c, r) ∈ E with c > a and r < t. Then, again by connectedness of E, at least one of the rays

{(d, t) | d > a} and {(a, `) | ` < t} has a nonempty intersection with E. Hence, applying

Lemma 2 once more, there is either an interval {(d, t) | a ≤ d ≤ c}, for c > a, or an interval

{(a, `) | r ≤ ` ≤ t}, for r < t, which is contained in E, and the desired neighborhoods follow

as in the cases above.

Lastly, the case where there is neither a point (c, r) with c < a and r > t, nor a point (c, r)

with c > a and r < t, is excluded owing to Diversity (A4).

It is concluded that in any case, every neighborhood of (a, t) intersects int(E). Denote by

E∗ the set E excluding the utilities images of any outcomes that are maximal for both %T and

%G or minimal for both, if such outcomes exist. Therefore, E∗ ⊆ cl(int(E)). Following non-

degeneracy (A1(d)) and the connectedness of E, E∗ is nonempty, and every neighborhood of

the utilities image of an outcome that is either maximal for both %T and %G or minimal for

both contains the utilities image of an outcome which is neither maximal for both %T and %G

nor minimal for both. Therefore, every neighborhood of the utilities image of such maximal

or minimal outcome also intersects int(E), and E ⊆ cl(int(E)). �

Lemma 4. int(E) is connected.

Proof. First note that since X is connected and the mapping (uG, uT ) is continuous, then

E is connected as well. Suppose, on the contrary, that there are two nonempty sets, A and B,

that are open in the relative (standard) topology of int(E) (hence open), and that partition

int(E). By Lemma 3, E ⊆ cl(int(E)) = cl(A) ∪ cl(B). Since E is connected and nonempty,

the intersection cl(A) ∩ cl(B) ∩ E is nonempty.

Lemma 2 states that for each x ∈ X, the images of x’s indifference classes according to %G

and according to%T are intervals. Therefore, if (a, t) ∈ A, then neither (a, s), nor (b, t) are in B
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(as the entire interval between any two points (b, t′) ∈ E and (b, s′) ∈ E in the neighborhoods

of (a, t) and (a, s) is also contained in E). Let (b, s) be a point in cl(A) ∩ cl(B) ∩ E. If we

consider the four orthants around (b, s), then by the previous argument A and B, thus their

closures, must be in opposite orthants relative to (b, s) (including possibly parts of the lines

{(a, t) | a = b} and {(a, t) | t = s}). Note that as a result (b, s) is the utilities image of

an outcome that is neither maximal for both %T and %G nor minimal for both, since there

must be points in either A or B with one of their coordinates larger than the corresponding

coordinate of (b, s), and points in either A or B with one of their coordinates smaller than

the corresponding coordinate of (b, s).

By A4 there must exist a point (a, t) ∈ E with either a > b and t < s or a < b and

t > s. Hence A and B are in the north-west and south-east orthants relative to (b, s), and

being non-empty, it follows that there are two points (a, t), (a′, t′) ∈ E, with either a ≤ b < a′

and t > s ≥ t′, or a < b ≤ a′ and t ≥ s > t′. In any case, A3 implies that there are points

(c, r), (c′, r′) ∈ E with c ≥ a, a′, r ≥ t, t′, c′ ≤ a, a′, and r′ ≤ t, t′, which places at least one

point in E in the interior of another orthant relative to (b, s). Contradiction. It is concluded

that sets A,B as supposed cannot exist, meaning that int(E) is connected. �

Lemma 5. Any utility indifference class of %G∪T within int(E), {(uG(y), uT (y)) | y ∼G∪T

x} ∩ int(E) for every x ∈ X, is connected.

Proof. Let x ∈ X. The structural assumption (A0(b)) guarantees that the indifference

class of %G∪T containing x, in outcome space, is connected. Hence its image under the

continuous mapping (uG, uT ) is connected in E. We need to show that it is also connected

in int(E). For that, note first that the image of x’s indifference class according to %G∪T is a

curve. This is since for every point (a, t) in this image, Extended Pareto (A2) implies that

any point (b, s) 6= (a, t), with b ≥ a and s ≥ t, or b ≤ a and s ≤ t, is not contained in the

image of the same indifference class. Moreover, it follows that this curve is strictly decreasing.

Let us show that any point in the relative interior of the image of the indifference class of

x is an interior point of E. Let (uG(y), uT (y)) be such a point, namely, there are z′, z′′ ∈ X
such that z′, z′′ ∼G∪T x, with their utilities satisfying uG(z′) < uG(y), uT (z′) > uT (y) and

uG(z′′) > uG(y), uT (z′′) < uT (y). By Lemma 2, the points in E whose first coordinate is

uG(y) form a non-degenerate interval, and similarly the points in E whose second coordinate

is uT (y). The proof continues by addressing all possible locations of (uG(y), uT (y)) within

these intervals.

Case 1.
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There are y1, y2, y3, y4 ∈ X such that,

uG(y1) > uG(y) , uT (y1) = uT (y) ,

uG(y2) = uG(y) , uT (y2) > uT (y) ,

uG(y3) < uG(y) , uT (y3) = uT (y) ,

uG(y4) = uG(y) , uT (y4) < uT (y) .

Since the curve {(uG(y), uT (y)) | y ∼G∪T x} is connected, it contains a point (a, t) with

a > uG(y) that is still smaller than both uG(z′′) and uG(y1). Arguing as in the proof of Lemma

3, we see that all points (b, s) with uG(y) ≤ b ≤ a and t ≤ s ≤ uT (y) are in E. Similarly, there

is a rectangle of points with first coordinate smaller than uG(y), and second coordinate larger

than uT (y), which is contained in E. Furthermore, in much the same way as in the proof of

Lemma 3, connectedness implies that there is a point (a, t) ∈ E with either uG(y) < a ≤ uG(y1)

or uT (y) < t ≤ uT (y2), implying that there is a neighborhood of (uG(y), uT (y)) whose inter-

section with {(b, s) | b > uG(y), s > uT (y)} is contained in E. The same arguments provide a

neighborhood whose intersection with {(b, s) | b < uG(y), s < uT (y)} is contained in E. Al-

together, there is a neighborhood of (uG(y), uT (y)) that is contained in E, and (uG(y), uT (y))

is an interior point of E.

Case 2.

There are y1, y2, y3 ∈ X such that,

uG(y1) > uG(y) , uT (y1) = uT (y) ,

uG(y2) = uG(y) , uT (y2) > uT (y) ,

uG(y3) < uG(y) , uT (y3) = uT (y) ,

uT (y) = min {t |(uG(y), t) ∈ E} .

The arguments employed in Case 1 may be repeated to deduce that there is a neighborhood

of (uG(y), uT (y)), whose intersection with {(b, s) | s > uT (y)} is contained in E. Denote the

supremum of the first coordinate in this neighborhood by a. Then Lemma 2 further implies

that all points (b, s) with uG(y) ≤ b ≤ min (a, uG(z′′)), s < uT (y), with (b, s) lying above the

curve {(uG(z), uT (z)) | z ∼G∪T x}, belong to E as well. Let (b′, s′) be one such point for which

uG(y) < b′.

Case 2 states that uT (y) = min {t |(uG(y), t) ∈ E}. In other words, there are no points

(b, s) ∈ E with b = uG(y) and s < uT (y). Hence, there are no points (b, s) ∈ E with b < uG(y)

and uT (z′′) ≤ s < uT (y) (again following Lemma 2, by negation – otherwise there would be

an interval in E, with second coordinate s and first coordinate between b and the curve, going

through (uG(y), s), s < uT (y)). On the other hand, the neighborhood {(b, s) | s > uT (y)}
of (uG(y), uT (y)) that is contained in E includes a point (a′, t′) with a′ < uG(y), t′ > uT (y),
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hence employing this point and (b′, s′), Agreed Improvement (A3) implies that there exists a

point (uG(ẑ), uT (ẑ)) in E such that uG(ẑ) ≤ a′ < uG(y) and uT (ẑ) ≤ s < uT (y).

This and the lack of points (b, s) ∈ E with either b ≤ uG(y) and uT (z′′) ≤ s < uT (y)

or b = uG(y) and s < uT (y) leads to a contradiction with the connectedness of E. There-

fore, there must exist a point y4 with uG(y4) = uG(y) and uT (y4) < uT (y), as in the first

case, and the same conclusion follows. Symmetric cases, where only one out of uT (y) =

max {t |(uG(y), t) ∈ E}, uG(y) = min {a |(a, uT (y)) ∈ E}, or uG(y) = max {a |(a, uT (y)) ∈ E}
are satisfied, are treated in the same manner.

Case 3.

There are y1, y2 ∈ X such that,

uG(y1) > uG(y) , uT (y1) = uT (y) ,

uG(y2) = uG(y) , uT (y2) > uT (y) ,

uG(y) = min {a |(a, uT (y)) ∈ E} ,
uT (y) = min {t |(uG(y), t) ∈ E} .

As in the previous case, as uT (y) = min {t |(uG(y), t) ∈ E}, there are no points (b, s) ∈ E
with b ≤ uG(y) and uT (z′′) ≤ s < uT (y), and similarly as uG(y) = min {a |(a, uT (y)) ∈ E},
there are no points (b, s) ∈ E with s < uT (y) and uG(z′) ≤ b < uG(y). On the other hand,

Agreed Improvement A3 implies that there is a point (uG(ẑ), uT (ẑ)) ∈ E such that uG(ẑ) ≤
uG(z′) < uG(y), and uT (ẑ) ≤ uT (z′′) < uT (y), generating a contradiction to connectedness.

In the same manner, the case uG(y) = max {a |(a, uT (y)) ∈ E} and uT (y) = max {t |(uG(y), t) ∈ E}
is ruled out.

Case 4.

There are y2, y3 ∈ X such that,

uG(y2) = uG(y) , uT (y2) > uT (y) ,

uG(y3) < uG(y) , uT (y3) = uT (y) ,

uG(y) = max {a |(a, uT (y)) ∈ E} ,
uT (y) = min {t |(uG(y), t) ∈ E} .

This case is once more eliminated due to connectedness of E, by observing that under

this case E does not contain points (uG(y), s) for s < uT (y) nor (b, s) with b < uG(y) and

uG(z′′) ≤ s < uT (y), however there is a point (c, r) ∈ E with c ≤ uG(z′) and r ≤ uT (z′′)

following Agreed Improvement A3.

It is concluded that Case 1 is the only one that could hold for a point (uG(y), uT (y))

in the relative interior of {(uG(z), uT (z)) | z ∈ X, z ∼G∪T x}. Therefore, as was proved

in Case 1, any such relative interior point (uG(y), uT (y)) is an interior point of E, hence

{(uG(y), uT (y)) | y ∼G∪T x} ∩ int(E), for every x ∈ X, contains the entire relative interior of
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the connected curve {(uG(y), uT (y)) | y ∼G∪T x}, and is thus connected. �

Lemma 6. For every x ∈ X, the sets {(uG(y), uT (y)) | uG(y) = uG(x)} ∩ int(E) and
{(uG(y), uT (y)) | uT (y) = uT (x)} ∩ int(E) are connected.

Proof. First note that without intersecting int(E), the sets {(uG(y), uT (y)) | uG(y) = uG(x)}
and {(uG(y), uT (y)) | uT (y) = uT (x)} are connected, each being the image under a continuous

map of a connected set (in outcomes space; following assumption A0(b)). Suppose that there

are outcomes y, y′, y′′ ∈ X with uG(y) = uG(y′) = uG(y′′) = uG(x) and uT (y′) > uT (y) >

uT (y′′), where (uG(y′), uT (y′)) and (uG(y′′), uT (y′′)) are interior points of E. We claim that

(uG(y), uT (y)) must also be an interior point of E.

Indeed, if (uG(y′), uT (y′)) and (uG(y′′), uT (y′′)) are interior points of E, then there is (a

minimal) ε > 0 such that the sets {(uG(y′), uT (y′)) + τ(cos θ, sin θ) | 0 < τ < ε, θ ∈ [0, 2π]}
and {(uG(y′′), uT (y′′)) + τ(cos θ, sin θ) | 0 < τ < ε, θ ∈ [0, 2π]} are contained in E. However,

recall that by Lemma 2, if in E there are points (a, t) and (a, s), then any point (a, r) with r

between t and s also belongs to E. Hence, for each 0 < τ < ε and each θ ∈ [0, 2π], the points

(uG(y′) + τ cos θ, uT (y′) + τ sin θ) and (uG(y′′) + τ cos θ, uT (y′′) + τ sin θ) belong to E, and the

fact that uG(y′) = uG(y′′) = uG(y), implies that (uG(y) + τ cos θ, uT (y) + τ sin θ) belongs to E

as well. Therefore there is a neighborhood of (uG(y), uT (y)) included in E, i.e., (uG(y), uT (y))

is an interior point of E.

The above implies that there cannot be a boundary point between two interior points in

the set {(uG(y), uT (y)) | uG(y) = uG(x)}. That is to say, if there is a boundary point, then all

points on (at least) one side of it must also be boundary points. Hence, the intersection of this

image with int(E) is connected. Analogously, the same holds for {(uG(y), uT (y)) | uT (y) =

uT (x)} ∩ int(E). �

Lemma 7. %G∪T on E is continuous.

Proof. In order to prove the claimed continuity, we must show that for every (a, t) ∈ E,

the sets {(b, s) ∈ E | (b, s) �G∪T (a, t)} and {(b, s) ∈ E | (a, t) �G∪T (b, s)} are open in

the relative (standard) topology of E. Let (a, t) ∈ E. It was proved in Lemma 5 that

{(b, s) ∈ E | (b, s) ∼G∪T (a, t)} is a strictly downward sloping curve, and that any point in its

relative interior is an interior point of E. We will next show that the opposite is also true.

That is to say, if a point (c, r) ∈ {(b, s) ∈ E | (b, s) ∼G∪T (a, t)} is a relative boundary point of

this curve, then it is also a boundary point of E. Specifically, we next prove that for the most

upper point on this curve there is no point in E with a smaller first coordinate and larger

second coordinate, and for the lowest point on this curve there is no point in E with a larger

first coordinate and a smaller second coordinate.

Let (c, r) be a point such that (c, r) ∼G∪T (a, t), and there is no other point (c′, r′) ∼G∪T

(a, t) with c′ > c and r′ < r. We prove by contradiction that there are no points (c′, r′) ∈ E
with c′ > c and r′ < r. Suppose, on the contrary, that there is such a point (c′, r′). Then it

cannot hold that both rays, {(b, r) | b > c} and {(c, s) | s < r} have an empty intersection with

E, because that would contradict the connectedness of E. Therefore (also employing Lemma

2), suppose that there is an interval {(c, s) | ` ≤ s ≤ r}, for ` < r, which is contained in E.
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Still, for {(b, r) | b > c} not to intersect E it should also hold that the ray {(c′, s) | r < s}
has an empty intersection with E. However, that would again lead to a contradiction with

the connectedness of E, by applying Agreed Improvement (A3) on the points (c, r) and

(c′, r′). Supposing first a nonempty intersection with {(b, r) | b > c} leads to an analogous

contradiction.

The previous paragraph implies that there are intervals, {(c, s) | ` ≤ s ≤ r} for ` < r,

and {(b, r) | c ≤ b ≤ d} for d > c, contained in E. Under the supposition that (c′, r′) exists,

the same arguments as in the proof of Lemma 3 imply that there exists a rectangle with

vertices (c, r), (d′, r), (d′, `′), (c, `′), for d′ > c and `′ < r, which is contained in E. Denote

R = {(b, s) | c ≤ b ≤ d′, `′ ≤ s ≤ r}. We will show that R \ {(c, r)} must contain a point

(c′, r′) ∼G∪T (c, r), contradicting the choice of (c, r).

To show that a contradiction ensues, it is next proved that (uG, uT )−1(R \ {(c, r)}) is

connected. For that, we show that the correspondence (uG, uT )−1, from E to X, is upper

semicontinuous, and employ the result stating that the image of a connected set under an upper

semicontinuous correspondence is also connected. Upper semicontinuity of (uG, uT )−1 requires

that for every (a, t) ∈ E and every open subset O ⊂ X containing (uG, uT )−1(a, t), there exist

a neighborhood of (a, t), N(a, t), such that for every (b, s) ∈ N(a, t), (uG, uT )−1(b, s) ⊆ O.

It suffices to show the desired inclusion for sets {z ∈ X | z �G x}, {z ∈ X | z �T x}, {z ∈
X | x �G z}, and {z ∈ X | x �T z}.

Consider an open set O = {z ∈ X | z �G w} for w ∈ X, such that (uG, uT )−1(a, t) ⊂ O,

hence a > uG(w). Set N(a, t) = {(b, s) | b > uG(w)}, so N(a, t) is a neighborhood of

(a, t), and for every (b, s) ∈ N(a, t), every y ∈ (uG, uT )−1(b, s) satisfies y �G w, therefore

(uG, uT )−1(b, s) ⊂ O. The same arguments prove the inclusion for O = {z ∈ X | w �G z}
and for the same open sets with �T instead of �G. It follows that the same holds for any

open set in the order topology of X generated by those sets. Consequently, (uG, uT )−1 is

upper semicontinuous, and by a result from Hiriart-Urruty [9], the image of the connected

R \ {(c, r)} under it is connected as well.

Let x, y ∈ X be such that uG(x) = c, uT (x) = r, uG(y) = d′, uT (y) = `′. Then,

(uG, uT )−1(R \ {(c, r)}) = {z ∈ X | y �G z �G x, x �T z �T y} \ {z ∈ X | z ∼G x, z ∼T x} .

Denote,

A = {z ∈ X | z %G∪T x} ∩ (uG, uT )−1(R \ {(c, r)}) ,
B = {z ∈ X | x %G∪T z} ∩ (uG, uT )−1(R \ {(c, r)}) .

The sets A and B are closed in the relative topology of R \ {(c, r)}. They are nonempty

since for y′ ∈ (uG, uT )−1(d′, r), y′ �G∪T x, and for y′′ ∈ (uG, uT )−1(c, `′), x �G∪T y′′, and

their union is R \ {(c, r)}. Hence, by the connectedness of R \ {(c, r)}, their intersection is

nonempty. Namely, there exists z ∈ X such that z ∈ (uG, uT )−1(R \ {(c, r)}) and z ∼G∪T x,

which contradicts the assumption that no point (c′, r′) ∼G∪T (c, r) satisfies c′ > c and r′ < r.

Therefore, there is no point (b, s) ∈ E such that b > c and s < r. Analogue arguments prove
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that whenever (c, r) ∼G∪T (a, t) is such that no (c′, r′) ∼G∪T (a, t) satisfies c′ < c, r′ > r, then

there is no point (b, s) ∈ E such that b < c, s > r.

The previous arguments imply that the indifference set {(b, s) ∈ E | (b, s) ∼G∪T (a, t)} is

a downward sloping curve, dividing E into two parts, one above and one below that curve.

Therefore, {(b, s) ∈ E | (b, s) �G∪T (a, t)} consists of all points in E which lie strictly above

that curve. More formally, to establish that this is indeed an open set, denote by (c′, r′) the

point on this curve with maximal second coordinate (the highest point on the curve), and by

(c′′, r′′) the point on this curve with maximal first coordinate (the lowest point on the curve).

Consider the following (continuous) curve in R2:

L = {(b, s) ∈ (R)2 | b < c′, s > r′, b+ s = c′ + r′} ∪
{(b, s) ∈ E | (b, s) ∼G∪T (a, t)} ∪
{(b, s) ∈ (R)2 | b > c′′, s < r′′, b+ s = c′′ + r′′} .

Then,

{(b, s) ∈ E | (b, s) �G∪T (a, t)} =

 ⋃
(b,s)∈L

{(d, `) ∈ R2 | d > b, ` > s}

⋂E ,

which is open in the relative standard topology of E. Similarly, the set {(b, s) ∈ E | (a, t) �G∪T

(b, s)} consists of all point in E that lie strictly below that curve, hence it is an open set. As

a result, %G∪T is continuous on E. �

The above lemmas establish that all the parts of Assumption 2.1, as well as the additional

assumption in Theorem 3.3, in Chateauneuf and Wakker [4], are satisfied. To derive the

desired representation through Theorem 3.3 and Corollary 2.3 of [4], it is required that the

relation in question satisfy an additivity condition. According to Theorem III.6.6 in Wakker

[19], it suffices to show that %G∪T over E satisfies the Reidemeister condition. This is a

straightforward consequence of Consistency of Social Tradeoffs (A5), shown in the lemma

below.

Lemma 8. Let (a, t), (b, s), (c, t), (d, s), (a, t′), (b, s′), (c, t′), (d, s′) ∈ E. If (a, t) ∼G∪T (b, s),
(d, s) ∼G∪T (c, t) and (b, s′) ∼G∪T (a, t′), then (d, s′) ∼G∪T (c, t′).

Proof. Being in E, there are outcomes x, y, z, w, x′, y′, z′, w′ ∈ X such that,

a = uG(x) , t = uT (x) ,

b = uG(y) , s = uT (y) ,

c = uG(z) , t = uT (z) ,

d = uG(w) , s = uT (w) ,

a = uG(x′) , t′ = uT (x′) ,

b = uG(y′) , s′ = uT (y′) ,

c = uG(z′) , t′ = uT (z′) ,

d = uG(w′) , s′ = uT (w′) .
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Equivalence of utility values implies that

x ∼G x′ , y ∼G y′ , z ∼G z′ , w ∼G w′ , and

x ∼T z , y ∼T w , x′ ∼T z′ , and y′ ∼T w′ ,

and by the induced relation %G∪T on utility pairs, x ∼G∪T y, w ∼G∪T z, and y′ ∼∗ x′.
Therefore Consistency of Social Tradeoffs (A5) renders w′ ∼G∪T z′, which translates to the

required (d, s′) ∼G∪T (c, t′). �

Now one can apply Corollary 2.3 of [4]. We conclude that there are functions VG, VT : R→
R, which are continuous and strictly increasing, representing the real order over the x-axis and

y-axis, respectively. They form an additive representation V (a, t) = VG(a)+VT (t) of %G∪T on

int(E). Furthermore, VG and VT are jointly cardinal. By Lemma 3, int(E) ⊆ E ⊆ cl(int(E)),

hence Theorem 3.3 of [4] can be applied to extend the additive representation to the entire E.

Since VG and VT are continuous and increasing, UG = VG · uG and UT = VT · uT , their

compositions over the continuous utility functions uG and uT , are themselves continuous utility

functions, representing %G and %T , respectively. For every x, y ∈ X,

x %G∪T y ⇐⇒ (uG(x), uT (x)) %G∪T (uG(y), uT (y)) ⇐⇒
VG(uG(x)) + VT (uT (x)) ≥ VG(uG(y)) + VT (uT (y)) .

Namely, for every x, y ∈ X, x %G∪T y if and only if UG(x) + UT (x) ≥ UG(y) + UT (y),

where UG and UT are continuous utility functions, representing the relations %G and %T ,

respectively, on X. These functions are jointly cardinal, that is, if (ÛG, ÛT ) is another additive

representation as above, the two must be jointly cardinal, namely ÛG = τUG + ρG, ÛT =

τUT + ρT , for τ > 0. This establishes Proposition 1.

6.1.2 Proof of Proposition 2

Lemma 9. Let T,G ⊂ N be two nonempty disjoint sets and denote,

ET,G = {(UT∪G
T (t), UT∪G

G (t)) | t ∈ X} .

(a) If θ ∈ X is neither maximal nor minimal for %T , then

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) = UT∪G

T (θ)} ∩ int(ET,G)

is a non-empty interval in ET,G.

(b) If θ ∈ X is neither maximal nor minimal for %G, then

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
G (y) = UT∪G

G (θ)} ∩ int(ET,G)

is a non-empty interval in ET,G.

(c) If θ is neither maximal for both %T and %G nor minimal for both, then

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) + UT∪G

G (y) = UT∪G
T (θ) + UT∪G

G (θ)} ∩ int(ET,G)
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is a non-empty interval in ET,G.

Proof. Let θ ∈ X be an outcome that is not maximal for %T . By Lemma 2, the utility

indifference curve {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) = UT∪G

T (θ)} is a non-degenerate interval,

and according to Lemma 6 its intersection with int(ET,G) is connected, namely, an interval

itself. We show that this interval in int(ET,G) is non-empty.

Let (UT∪G
T (y), UT∪G

G (y)) be in the relative interior of {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) =

UT∪G
T (θ)} (such y exists as this interval is non-degenerate), then it is not maximal nor minimal

for both %T (by assumption on θ) and %G (being in the relative interior). Therefore by

Diversity of tastes (A4) there is (a, t) ∈ ET,G such that either a < UT∪G
T (y) and t > UT∪G

G (y),

or a > UT∪G
T (y) and t < UT∪G

G (y). Suppose w.l.o.g that the former holds. It cannot be that

there is max {UT∪G
G (y) | UT∪G

T (y) = UT∪G
T (θ)} that is smaller than t, as in that case Agreed

Improvement (A3) would imply the existence of (b, s) ∈ ET,G such that b ≥ UT∪G
T (y) and

s ≥ t, and thus (UT∪G
T (y), t) ∈ ET,G, as otherwise, with utility indifference curves of %T and

%G being intervals, a contradiction to connectedness of ET,G would ensue. We therefore have

that max {UT∪G
G (y) | UT∪G

T (y) = UT∪G
T (θ)} ≥ t, and again by Agreed Improvement (A3) and

connectedness (a, UT∪G
G (y)) ∈ ET,G. Hence all the points (c, r) with UT∪G

T (y) = UT∪G
T (θ) ≥

c ≥ a and t ≥ r ≥ UT∪G
G (y) are in ET,G.

As y is neither maximal nor minimal for %T and %G, there exists (b, s) ∈ ET,G such

that either b > UT∪G
T (y) and UT∪G

G (y) > s, or UT∪G
T (y) > b and s > UT∪G

G (y) > s. If the

former holds then by the same considerations as before, all the points (c, r) with b ≥ c ≥
UT∪G
T (y) = UT∪G

T (θ) and UT∪G
G (y) ≥ r ≥ s are in ET,G, and we have that the intersection

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) = UT∪G

T (θ)} ∩ int(ET,G) is non-empty. However as y is not

maximal for%T there must exist a point (b, s) ∈ ET,G such that b > UT∪G
T (y) and s ≥ UT∪G

G (y).

If there is such a point with t > s then we obtain a rectangle in ET,G of points (c, r) with

b ≥ c ≥ UT∪G
T (y) = UT∪G

T (θ) and t ≥ r ≥ s, and the proof is completed. Otherwise for every

(b, s) ∈ ET,G for b > UT∪G
T (θ) it holds that s ≥ t. Since we assumed that θ is not maximal for

%T then there should in fact exist such point, and by continuity of %T we may find one such

that b is not the maximum of UT∪G
T .

Diversity of tastes (A4), applied to (b, s) ∈ ET,G, implies that there exists a point (b′, s′) ∈
ET,G such that either b′ > b and s′ < s, or b′ < b and s′ > s. In either case, using Agreed

Improvement (A3) and connectedness of ET,G in the same manner as above, we obtain a

rectangle of points (c, r) ∈ int(ET,G) with c > UT∪G
T (θ) and r > t. However, we proved that

int(ET,G) is connected. Hence, as there are also points (c, r) ∈ int(ET,G) with c < UT∪G
T (θ)

and r < t, and we assumed (in the case currently explored) that there are no points (c, r) ∈
int(ET,G) with c ≥ UT∪G

T (θ) and r ≤ t, there must be points (UT∪G
T (θ), r) ∈ int(ET,G) with

r > t. That is, the intersection {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) = UT∪G

T (θ)} ∩ int(ET,G) is

non-empty.

The proof for {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
G (y) = UT∪G

G (θ)} is analogous.

Suppose that θ is neither maximal for both %T and %G, nor minimal for both. To show

that {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) + UT∪G

G (y) = UT∪G
T (θ) + UT∪G

G (θ)} ∩ int(ET,G) is non-

degenerate note that if θ is neither maximal for both %T and %G nor minimal for both, then
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the indifference curve of θ according to %T∪G, before intersecting it with int(ET,G), is a non-

degenerate interval in ET,G: it is an interval due to the connectedness of the indifference curves

of %T∪G and the continuity of the representing utility, together with the specific representation

as the sum of utilities UT∪G
T + UT∪G

G . To see that it is a non-degenerate interval consider all

possible cases.

First suppose that {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) = UT∪G

T (θ)} and

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
G (y) = UT∪G

G (θ)} are such that there are y1 and y2 for which

UT∪G
T (y1) > UT∪G

T (θ) = UT∪G
T (y2) and UT∪G

G (y2) > UT∪G
G (θ) = UT∪G

G (y1). As θ is neither

maximal nor minimal for %T and %G, then by Diversity of tastes (A4) there is (a, t) ∈ ET,G

such that either a < UT∪G
T (θ) and t > UT∪G

G (θ) or a > UT∪G
T (θ) and t < UT∪G

G (θ). Suppose

w.l.o.g that the former holds. If there is no point (a, s) ∈ ET,G such that s ≤ UT∪G
G (θ)

then Lemma 2 implies that there is no (b, UT∪G
G (θ)) ∈ ET,G for b < a. However, as Agreed

Improvement (A3) implies that there is (c, r) ∈ ET,G such that c ≤ a and r ≤ UT∪G
G (θ), we

obtain a contradiction to connectedness of ET,G. Therefore there must exist such (a, s). In

that case, since {(a, r) | (a, r) ∈ ET,G} is an interval, then (a, r) ∈ ET,G for every t ≥ r ≥ s,

and similarly (c, r) ∈ ET,G for every UT∪G
T (θ) ≥ c ≥ a and min (UT∪G

G (y2), t) ≥ r ≥ UT∪G
G (θ).

In that rectangle there is another point (c, r) which satisfies that c+ r = UT∪G
T (θ) +UT∪G

G (θ),

hence {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) + UT∪G

G (y) = UT∪G
T (θ) + UT∪G

G (θ)} is a non-degenerate

interval.

Analogous arguments prove that {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) +UT∪G

G (y) = UT∪G
T (θ) +

UT∪G
G (θ)} is a non-degenerate interval if {(UT∪G

T (y), UT∪G
G (y)) | UT∪G

T (y) = UT∪G
T (θ)} and

{(UT∪G
T (y), UT∪G

G (y)) | UT∪G
G (y) = UT∪G

G (θ)} are such that there are y1 and y2 for which

UT∪G
T (y1) < UT∪G

T (θ) = UT∪G
T (y2) and UT∪G

G (y2) < UT∪G
G (θ) = UT∪G

G (y1).

Otherwise suppose that the indifference curves of %T and %G are such that there are y1

and y2 for which UT∪G
T (y′) < UT∪G

T (y1) < UT∪G
T (θ) = UT∪G

T (y2) and UT∪G
G (y′′) > UT∪G

G (y2) >

UT∪G
G (θ) = UT∪G

G (y1) (for some y′, y′′), but there is no y3 for which UT∪G
T (y3) > UT∪G

T (θ)

and UT∪G
G (y3) = UT∪G

G (θ) nor y4 for which UT∪G
T (y4) = UT∪G

T (θ) and UT∪G
G (y4) < UT∪G

G (θ)

(otherwise we are back to the previous cases). By Diversity of tastes (A4) there is (a, t) ∈ ET,G

such that either a < UT∪G
T (θ) and t > UT∪G

G (θ) or a > UT∪G
T (θ) and t < UT∪G

G (θ). If the former

holds then again using connectedness of ET,G we obtain the existence of a rectangle in ET,G

as above, and {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) +UT∪G

G (y) = UT∪G
T (θ) +UT∪G

G (θ)} being a non-

degenerate interval follows. If (a, t) is such that a > UT∪G
T (θ) and t < UT∪G

G (θ) then another

contradiction to connectedness of ET,G follows as we are in a case assuming there is neither

(b, UT∪G
G (θ)) ∈ ET,G with b > UT∪G

T (θ), nor (UT∪G
G (θ), s) ∈ ET,G with s < UT∪G

G (θ).

We conclude that the relative interior of {(UT∪G
T (y), UT∪G

G (y)) | UT∪G
T (y) + UT∪G

G (y) =

UT∪G
T (θ) + UT∪G

G (θ)} is nonempty, and the result follows since according to Lemma 5, each

such point in the relative interior is an interior point of ET,G.

�

According to Proposition 1, for any two nonempty, disjoint sets T,G ⊂ N , there exists a

representation UT∪G = UT∪G
T +UT∪G

G of %T∪G with continuous, jointly cardinal utilities UT∪G
T

and UT∪G
G that represent %T and %G, respectively. Likewise, there exists a representation
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UN = UN
T +UN

N\T of %N with continuous, jointly cardinal utilities UN
T and UN

N\T that represent

%T and %N\T , respectively. It is next proved that UT∪G
T = βUN

T + τ for some τ, β ∈ R, β >
0. For that, the next two lemmas show that, locally, whenever utility differences are equal

according to UN
T , then they are equal according to UT∪G

T .

Lemma 10. Let T,G be two nonempty, disjoint sets, and θ ∈ X an outcome such that θ is
neither maximal nor minimal for %T . Then there are y∗, y∗ ∈ X, satisfying y∗ �T θ �T y∗
and y∗ �G y∗, such that,

(1) For every (u1, u2) ∈ (UT∪G
T (y∗), U

T∪G
T (y∗)) × (UT∪G

G (y∗), U
T∪G
G (y∗)) there exists an out-

come t ∈ X such that UT∪G
T (t) = u1 and UT∪G

G (t) = u2.

(2) For every x̃, ỹ, z̃, w̃ ∈ X for which y∗ �T x̃, ỹ, z̃, w̃ �T y∗ and x̃ %T ỹ,

UT∪G
T (x̃)− UT∪G

T (ỹ) ≥ UT∪G
T (z̃)− UT∪G

T (w̃) ⇐⇒ x̃	 ỹ �T z̃ 	 w̃

(3) For every x̃, ỹ, z̃, w̃ ∈ X for which y∗ �G x̃, ỹ, z̃, w̃ �G y∗ and x̃ %G ỹ,

UT∪G
G (x̃)− UT∪G

G (ỹ) ≥ UT∪G
G (z̃)− UT∪G

G (w̃) ⇐⇒ x̃	 ỹ �G z̃ 	 w̃ .

Proof. Consider the utilities image under UT∪G
T and UT∪G

G ,

ET,G = { (UT∪G
T (t), UT∪G

G (t)) | t ∈ X } .

By assumption, θ is not maximal nor minimal for %T . Therefore by Lemma 9 the image

in ET,G of its indifference class under %T , {(UT∪G
T (t), UT∪G

G (t)) | UT∪G
T (t) = UT∪G

T (θ)}, when

intersected with ET,G, is a non-degenerate interval. Hence, there are outcomes a, a′ ∼T θ

such that their images, (UT∪G
T (a), UT∪G

G (a)) and (UT∪G
T (a′), UT∪G

G (a′)), are in int(ET,G), and

UT∪G
G (a) > UT∪G

G (a′). By the same arguments, the images of the indifference classes of a and a′

under %G, {(UT∪G
T (t), UT∪G

G (t)) | UT∪G
G (t) = UT∪G

G (a)} and {(UT∪G
T (t), UT∪G

G (t)) | UT∪G
G (t) =

UT∪G
G (a′)}, when intersected with int(ET,G), are non-degenerate intervals, and there exist

outcomes b, b′ ∈ X such that their images, (UT∪G
T (b), UT∪G

G (b)) and (UT∪G
T (b′), UT∪G

G (b′)), are

also in int(ET,G), and UT∪G
G (b) = UT∪G

G (a), UT∪G
G (b′) = UT∪G

G (a′) and UT∪G
T (b), UT∪G

T (b′) >

UT∪G
T (θ).

Let t1 denote an outcome for which UT∪G
G (t1) = UT∪G

G (a′) and UT∪G
T (t1) =

min (UT∪G
T (b), UT∪G

T (b′)). Such an outcome exists thanks to the connectedness of {(UT∪G
T (t),

UT∪G
G (t)) | t ∼G a′}. Note that UT∪G(t1) > UT∪G(a′) since UT∪G

T (t1) > UT∪G
T (a′). Set y1 to be

an outcome such that UT∪G
G (y1) = UT∪G

G (a′) and UT∪G
T (y1) =

min (UT∪G
T (t1), U

T∪G
T (a) + 1

2
(UT∪G

G (a)− UT∪G
G (a′))). Connectedness again implies that such

an outcome y1 exists. By the choice of utilities it satisfies,

UT∪G(a′) < UT∪G(y1) = UT∪G
T (y1) + UT∪G

G (y1)

< UT∪G
T (a) + UT∪G

G (a)− UT∪G
G (a′) + UT∪G

G (a′) = UT∪G(a) .

Let r denote an outcome such that UT∪G
T (r) = UT∪G

T (θ) and UT∪G
G (r) = UT∪G(y1) −

UT∪G
T (θ), and so UT∪G(r) = UT∪G(y1). Observe that since y1 was chosen so that UT∪G(a′) <
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UT∪G(y1) < UT∪G(a), we have UT∪G
G (a′) < UT∪G

G (r) < UT∪G
G (a). Therefore such an outcome

r indeed exists, following connectedness arguments as detailed above. As the utilities indif-

ference curve of θ according to %T is connected in int(ET,G), and the images of a and a′ are

in that interior, the image of r must lie in int(ET,G) as well. Therefore there exists an out-

come y2 with UT∪G(y1)− UT∪G
G (a) < UT∪G

T (y2) < UT∪G
T (θ) and UT∪G(y2) = UT∪G(y1) (so that

UT∪G
G (a′) < UT∪G

G (y2) < UT∪G
G (a)), such that there also exists y∗ with UT∪G

T (y∗) = UT∪G
T (y2)

and UT∪G
G (y∗) = UT∪G

G (a′). Set y∗ ∈ X to be an outcome such that UT∪G
T (y∗) = UT∪G

T (y1) and

UT∪G
G (y∗) = UT∪G

G (y2). Such an outcome exists based on the same connectedness arguments

as above.

Altogether, following the definitions of y∗ and y∗, together with connectedness of images

of indifference classes within ET,G (Lemma 2), for every (u1, u2) ∈ (UT∪G
T (y∗), U

T∪G
T (y∗)) ×

(UT∪G
G (y∗), U

T∪G
G (y∗)) there exists an outcome t ∈ X such that UT∪G

T (t) = u1 and UT∪G
G (t) =

u2. This proves part (1) of the lemma.

For part (2) of the lemma, let x̃, ỹ, z̃, and w̃ be outcomes that satisfy x̃ �T ỹ, y∗ �T

x̃, ỹ, z̃, w̃ �T y∗. Set x, y, z, w to be outcomes which obtain the following utilities (and which

existence is guaranteed as explained in the previous paragraphs):

UT∪G
T (x) = UT∪G

T (x̃) , UT∪G
G (x) = UT∪G

G (y∗) ,

UT∪G
T (y) = UT∪G

T (ỹ) , UT∪G
G (y) = UT∪G

T (x) + UT∪G
G (x)− UT∪G

T (y) ,

UT∪G
T (z) = UT∪G

T (z̃) , UT∪G
G (z) = UT∪G

G (x) ,

UT∪G
T (w) = UT∪G

T (w̃) , UT∪G
G (w) = UT∪G

G (y) .

The above choice of utilities, together with the assumed equality of utility differences,

imply that

x ∼T x̃ , y ∼T ỹ , z ∼T z̃ , w ∼T w̃ ,

x ∼G z , y ∼G w ,

x ∼T∪G y .

Therefore, by definition, x	y �T z	w if and only if w %T∪G z, i.e., if and only if UT∪G
T (w)+

UT∪G
T (x) +UT∪G

G (x)−UT∪G
T (y) ≥ UT∪G

T (z) +UT∪G
G (x), or equivalently, UT∪G

T (x)−UT∪G
T (y) ≥

UT∪G
T (z)− UT∪G

T (w). By the respective indifference of x, y, z, w to x̃, ỹ, z̃, w̃ according to %T ,

x̃	 ỹ �T z̃ 	 w̃ if and only if UT∪G
T (x̃)− UT∪G

T (ỹ) ≥ UT∪G
T (z̃)− UT∪G

T (w̃).

Symmetric arguments prove part (3) of the lemma, by employing x which obtains UG∪T
T (x) =

UT∪G
T (y∗). �

Lemma 11. Let θ ∈ X be such that θ is neither maximal nor minimal for %T . Then there
are x∗, x∗ ∈ X, x∗ �T θ �T x∗, such that for every x̃, ỹ, z̃, w̃ ∈ X, x̃ �T ỹ, that satisfy
x∗ �T x̃, ỹ, z̃, w̃ �T x∗,

UN
T (x̃)− UN

T (ỹ) = UN
T (z̃)− UN

T (w̃) ⇐⇒
UT∪G
T (x̃)− UT∪G

T (ỹ) = UT∪G
T (z̄)− UT∪G

T (w̃) .

Proof. According to Lemma 10 there are outcomes y∗ �T y∗, satisfying y∗ �T θ �T y∗, such
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that for every (u1, u2) ∈ (UN
T (y∗), U

N
T (y∗))× (UN

N\T (y∗), U
N
N\T (y∗)) there exists an outcome t ∈

X such that UN
T (t) = u1 and UN

N\T (t) = u2. In the same manner, there are outcomes z∗ �T z∗,

z∗ �T θ �T z∗, such that for every (u1, u2) ∈ (UT∪G
T (z∗), U

T∪G
T (z∗)) × (UT∪G

G (z∗), U
T∪G
G (z∗))

there exists an outcome t′ ∈ X such that UT∪G
T (t′) = u1 and UT∪G

G (t′) = u2. Set x∗ = y∗ if

z∗ %T y∗ and x∗ = z∗ otherwise, and set x∗ = y∗ if y∗ %T z∗ and x∗ = z∗ otherwise. These

outcomes also satisfy x∗ �T θ �T x∗.

Let x̃, ỹ, z̃, and w̃ be outcomes that satisfy x̃ �T ỹ, x∗ �T x̃, ỹ, z̃, w̃ �T x∗, and UN
T (x̃) −

UN
T (ỹ) = UN

T (z̃)−UN
T (w̃). Set x, y, z, w, x′, y′, z′, w′ to be outcomes which obtain the following

utilities (and whose existence is guaranteed, as explained in the previous paragraphs):

UN
T (x) = UN

T (x̃) , UN
N\T (x) = UN

N\T (y∗) ,

UN
T (y) = UN

T (ỹ) , UN
N\T (y) = UN

T (x̃) + UN
N\T (y∗)− UN

T (ỹ) ,

UN
T (z) = UN

T (z̃) , UN
N\T (z) = UN

N\T (y∗) ,

UN
T (w) = UN

T (w̃) , UN
N\T (w) = UN

T (x̃) + UN
N\T (y∗)− UN

T (ỹ) ,

UT∪G
T (x′) = UT∪G

T (x̃) , UT∪G
G (x′) = UT∪G

G (z∗) ,

UT∪G
T (y′) = UT∪G

T (ỹ) , UT∪G
G (y′) = UT∪G

T (x̃) + UT∪G
G (z∗)− UT∪G

T (ỹ) ,

UT∪G
T (z′) = UT∪G

T (z̃) , UT∪G
G (z′) = UT∪G

G (z∗) ,

UT∪G
T (w′) = UT∪G

T (w̃) , UT∪G
G (w′) = UT∪G

T (x̃) + UT∪G
G (z∗)− UT∪G

T (ỹ) .

The above choice of utilities, together with the assumed equality of utility differences,

UN
T (x̃)− UN

T (ỹ) = UN
T (z̃)− UN

T (w̃), implies that

x ∼T x′ , y ∼T y′ , z ∼T z′ , w ∼T w′ ,

x ∼N\T z , y ∼N\T w ,

x′ ∼G z′ , y′ ∼G w′ ,

x ∼N y , z ∼N w , x′ ∼T∪G y′ .

Consistency of Social Tradeoffs (A5) then entails that z′ ∼T∪G w′ , and hence, UT∪G
T (z̃)−

UT∪G
T (w̃) = UT∪G

T (x̃)−UT∪G
T (ỹ), as required. Assuming this conclusion will in turn, using the

same arguments, yield the same equality of utility differences for UN
T . �

Since both functions, UT∪G
T and UN

T , represent %T , then local equality of utility differences

implies that for every θ ∈ X such that θ is neither maximal nor minimal for %T there are

x∗ �T θ �T x∗ and β, τ ∈ R, β > 0, such that on {t ∈ X | x∗ �T t �T x∗}, UT∪G
T = βUN

T + τ .

Applying that conclusion to outcomes θ with overlapping %T -preference-intervals yields that

the same is true globally (also for minimal/maximal outcomes by continuity).

6.1.3 Proof of Proposition 3

Lemma 12. Let θ ∈ X be such that θ is neither maximal nor minimal for %T . Then there are
y∗, y∗ ∈ X, y∗ �T θ �T y∗, such that for every x̃, ỹ, z̃, w̃ ∈ X that satisfy y∗ �T x̃ �T ỹ �T y∗
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and y∗ �T z̃ �T w̃ �T y∗, there are x′, y′, z′, w′, y′′, w′′ ∈ X, such that,

x′ ∼T x̃ , y′ ∼T ỹ , z′ ∼T z̃ , w′ ∼T w̃ ,

x′ ∼H y′ ∼H z′ ∼H w′ ,

y′′ ∼T\H y′ , w′′ ∼T\H w′ ,

y′′ ∼T x̃ .

Proof. Consider the mapping (UT
T\H , U

T
H) : X → R2, and denote its range by

ET\H,H = {(UT
T\H(x), UT

H(x)) | x ∈ X }. According to Lemma 9 part (c),

{(UT
T\H(x), UT

H(x)) | x ∈ X, UT
T\H(x) + UT

H(x) = UT
T\H(θ) + UT

H(θ)} ∩ int(ET\H,H)

is a non-empty interval in ET\H,H , hence there exists a point θ̂ ∈ int(ET\H,H) with θ̂ ∼T θ.

Since θ̂ is an interior point of ET\H,H , there are x1, y1 ∈ X such that x1, y1 ∼H θ̂, x1 �T

θ̂ �T y1. If (UT
T\H(y1), UT (x1) − UT

T\H(y1)) ∈ ET\H,H , set y∗ = x1, y∗ = y1. Otherwise,

let x2, y2 be outcomes such that x2, y2 ∼H θ̂, UT
T\H(x2) = 1

2

(
UT
T\H(θ̂) + UT

T\H(x1)
)

, and

UT
T\H(y2) = 1

2

(
UT
T\H(θ̂) + UT

T\H(y1)
)

. Such outcomes exist thanks to Lemma 2.

If (UT
T\H(y2), UT (x2) − UT

T\H(y2)) ∈ ET\H,H , set y∗ = x2, y∗ = y2; otherwise, set x3, y3

in the same manner, and so on. As there is a neighborhood of θ̂ contained in ET\H,H , and

(UT
T\H(θ̂), UT (θ̂)− UT

T\H(θ̂)) is in ET\H,H , the process will stop after a finite number of steps.

Namely, there are xk, yk ∼H θ̂, xk �T θ̂ �T yk, hence also xk �T\H θ̂ �T\H yk, such that

(UT
T\H(yk), UT (xk)− UT

T\H(yk)) ∈ ET\H,H . Set y∗ = xk, y∗ = yk.

Due to the connectedness of all utility indifference curves, and Lemma 2, for every (a, t)

such that t ≥ UT
H(θ̂), UT

T\H(y∗) ≥ a ≥ UT
T\H(y∗), and a + t ≤ UT

T\H(y∗) + UT
H(y∗), there is

z ∈ X such that UT
T\H(z) = a and UT

H(z) = t. For any outcomes x̃ �T ỹ and z̃ �T w̃, such

that y∗ �T x̃, ỹ, z̃, w̃ �T y∗, let x′, y′, z′, w′, y′′, w′′ be outcomes such that,

UT
H(x′) = UT

T (θ̂) , UT
T\H(x′) = UT (x̃)− UT

H(θ̂) ,

UT
H(y′) = UT

T (θ̂) , UT
T\H(y′) = UT (ỹ)− UT

H(θ̂) ,

UT
H(y′′) = UT (x̃)− UT

T\H(y′) , UT
T\H(y′′) = UT

T\H(y′) ,

UT
H(z′) = UT

H(θ̂) , UT
T\H(z′) = UT (z̃)− UT

H(θ̂) ,

UT
H(w′) = UT

H(θ̂) , UT
T\H(w′) = UT (w̃)− UT

H(θ̂) ,

UT
H(w′′) = UT

H(y′′) , UT
T\H(w′′) = UT

T\H(w′) .

According to the above, such outcomes exist. By choice of the utilities they satisfy,

x′ ∼T x̃ , y′ ∼T ỹ , z′ ∼T z̃ , w′ ∼T w̃ ,

x′ ∼H y′ ∼H z′ ∼H w′ ,

y′′ ∼T\H y′ , w′′ ∼T\H w′ ,

y′′ ∼T x̃ .
�

Next, we use Lemma 12 to prove that UT that is obtained as the additive representation
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of %H and %T\H maintains the same local equality of utility differences as UN
T .

Lemma 13. Let θ ∈ X be such that θ is neither maximal nor minimal for %T . Then there
are x∗, x∗ ∈ X, x∗ �T θ �T x∗, such that for every x̃, ỹ, z̃, w̃ ∈ X, x̃ �T ỹ, that satisfy
x∗ �T x̃, ỹ, z̃, w̃ �T x∗,

UN
T (x̃)− UN

T (ỹ) = UN
T (z̃)− UN

T (w̃) ⇐⇒ UT (x̃)− UT (ỹ) = UT (z̃)− UT (w̃) .

Proof. The previous lemma establishes that there are outcomes y∗, y∗, y
∗ �T θ̂ �T y∗, such

that for any outcomes x̃ �T ỹ and z̃ �T w̃ with y∗ �T x̃, ỹ, z̃, w̃ �T y∗, there are outcomes

x′, y′, z′, w′, y′′, w′′ that satisfy

x′ ∼T x̃ , y′ ∼T ỹ , z′ ∼T z̃ , w′ ∼T w̃ ,

x′ ∼H y′ ∼H z′ ∼H w′ ,

y′′ ∼T\H y′ , w′′ ∼T\H w′ ,

y′′ ∼T x̃ , w′′ ∼T z̃ .

Moreover, in the same manner as in the proof of Lemma 11, there are z∗, z∗ ∈ X, z∗ �T θ �T

z∗, such that whenever outcomes x̃ �T ỹ and z̃ �T w̃ satisfy z∗ �T x̃, ỹ, z̃, w̃ �T z∗, there are

outcomes x′′′, y′′′, z′′′, w′′′ for which

x′′′ ∼T x̃ , y′′′ ∼T ỹ , z′′′ ∼T z̃ , w′′′ ∼T w̃ ,

x′′′ ∼N\T z′′′ , y′′′ ∼N\T w′′′ ,

x′′′ ∼N y′′′ .

If z∗ %T y∗, set x∗ = y∗, otherwise set x∗ = z∗. Similarly, if y∗ %T z∗, set x∗ = y∗, otherwise

set x∗ = z∗. Let x̃, ỹ, z̃, w̃ be outcomes that satisfy x∗ �T x̃, ỹ, z̃, w̃ �T x∗ and x̃ �T ỹ. Then

there are outcomes x′, y′, z′, w′, outcomes x′′, y′′, z′′, w′′ and outcomes x′′′, y′′′, z′′′, w′′′, such that,

x′ ∼T x̃ , y′ ∼T ỹ , z′ ∼T z̃ , w′ ∼T w̃ , (3)

x′ ∼H y′ ∼H z′ ∼H w′ ,

x′′ = x′ , y′′ ∼T\H y′ , z′′ = z′ , w′′ ∼T\H w′ , (4)

x′′ ∼H z′′ , y′′ ∼H w′′ ,

x′′ ∼T y′′ ,

x′′′ ∼T x̃ , y′′′ ∼T ỹ , z′′′ ∼T z̃ , w′′′ ∼T w̃ , (5)

x′′′ ∼N\T z′′′ , y′′′ ∼N\T w′′′ ,

x′′′ ∼N y′′′ .

First, suppose UT (x̃)−UT (ỹ) = UT (z̃)−UT (w̃). The same equality then holds for x′, y′, z′, w′

and x′′′, y′′′, z′′′, w′′′. Under that equality of utility differences, indifference relationships (3)

and (4) imply z′′ ∼T w′′. Hence, by definition, x′ 	 y′ 'T\H z′ 	 w′.
On the other hand, indifference relationships (5) imply that the tradeoff between x′′′ and y′′′

is �T -comparable to the tradeoff between z′′′ and w′′′: x′′′	 y′′′ �T z′′′	w′′′ ⇐⇒ w′′′ %N z′′′.
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As x′ ∼T x′′′, y′ ∼T y′′′, z′ ∼T z′′′, and w′ ∼T w′′′, the definition of tradeoffs comparison

implies that this is equivalent to, x′ 	 y′ �T z′ 	 w′ ⇐⇒ w′′′ %N z′′′. However, since

x′	y′ 'H z′	w′ (as they are all %H indifferent, and x′	x′ 'H x′	x′) and x′	y′ 'T\H z′	w′,
Tradeoff Pareto (A6) implies that also x′ 	 y′ 'T z′ 	 w′, and so necessarily w′′′ ∼N z′′′.

Translating that indifference to the additive representation of %N using T and N \ T , and

employing the indifference relationships x′′′ ∼N\T z′′′, y′′′ ∼N\T w′′′ and x′′′ ∼N y′′′, we see

that

UN(z′′′) = UN(w′′′) ⇐⇒
UN
T (z′′′) + UN

N\T (z′′′) = UN
T (w′′′) + UN

N\T (w′′′) ⇐⇒
UN
T (z′′′)− UN

T (w′′′) = UN
N\T (w′′′)− UN

N\T (z′′′) ⇐⇒
UN
T (z′′′)− UN

T (w′′′) = UN
N\T (y′′′)− UN

N\T (x′′′) ⇐⇒
UN
T (z′′′)− UN

T (w′′′) = UN
T (x′′′)− UN

T (y′′′) .

Since x′′′ ∼T x̃ , y′′′ ∼T ỹ , z′′′ ∼T z̃, and w′′′ ∼T w̃, it follows that UN
T (z̃) − UN

T (w̃) =

UN
T (x̃)− UN

T (ỹ), as required.

In the other direction, suppose UN
T (x̃)− UN

T (ỹ) = UN
T (z̃)− UN

T (w̃). Then the indifference

relationships (5) imply that z′′′ ∼N w′′′, and therefore x′′′	y′′′ 'T z′′′	w′′′, which is equivalent

to x′ 	 y′ 'T z′ 	 w′, because x′ ∼T x′′′, y′ ∼T y′′′, z′ ∼T z′′′, and w′ ∼T w′′′. In addition,

(4) implies that x′′ 	 y′′ �T\H z′′ 	 w′′ ⇐⇒ w′′ %T z′′, or, equivalently, x′ 	 y′ �T\H

z′ 	 w′ ⇐⇒ w′′ %T z′′. In much the same way as above, Tradeoff Pareto (A6) implies

that x′ 	 y′ 'T\H z′ 	 w′, hence it must be that w′′ ∼T z′′. Substituting using the additive

representation UT = UT
H + UT

T\H and the relationships in (3) and (4), it follows that UT (x′)−
UT (y′) = UT (z′)− UT (w′), and the same then holds for x̃, ỹ, z̃ and w̃. �

In the same manner as in the proof of Proposition 2, since both functions, UT and UN
T ,

represent %T , the local equality of utility differences implies that for every θ ∈ X such that

θ is neither maximal nor minimal for %T there are x∗ �T θ �T x∗ and γ, ξ ∈ R, γ > 0, such

that on the set {t ∈ X | x∗ �T t �T x∗}, one has UN
T = γUT + ξ. Applying this conclusion to

outcomes θ with overlapping %T -preference intervals proves that the conclusion holds globally.

6.1.4 Proof of Proposition 4

Both ÛN and UN represent the relation %N , therefore ÛN is a continuous strictly increasing

transformation of UN . If every θ ∈ X that is neither maximal nor minimal for %N admits a

neighborhood t∗ �N θ �N t∗ in which, for every t∗ �N x, y, z �N t∗,

UN(x)− UN(y) = UN(y)− UN(z) ⇐⇒ ÛN(x)− ÛN(y) = ÛN(y)− ÛN(z) (6)

then UN and ÛN are affinely related. Suppose, on the contrary, that they are not, that is,

ÛN 6= γUN for γ > 0 (recall that all utilities are shifted to the same location). Then there

exists θ ∈ X, neither maximal nor minimal for %N , for which there is no neighborhood

t∗ �N θ �N t∗ where (6) holds.

Consider the following utilities images:

ET,N\T = {(UN
T (t), UN

N\T (t)) | t ∈ X} , EG,N\G = {(UN
G (t), UN

N\G(t)) | t ∈ X} .
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Since θ is neither maximal nor minimal for %N , then it is not unanimously maximal for %T

and %N\T , nor is it unanimously minimal. Thus according to Lemma 9, the utility indifference

curve

{(UN
T (y), UN

N\T (y)) | UN
T (y) + UN

N\T (y) = UN
T (θ) + UN

N\T (θ)}

has a non-empty intersection with int(ET,N\T ), and the same holds for

{(UN
G (y), UN

N\G(y)) | UN
G (y) + UN

N\G(y) = UN
G (θ) + UN

N\G(θ)}.

According to the proof of Lemma 5, it follows that the relative interiors of the above utility

indifference curves are non-degenerate intervals. Thus there exists θ̂ ∼N θ that is in the relative

interior of both curves, which again by Lemma 5 implies (UN
T (θ̂), UN

N\T (θ̂)) ∈ int(ET,N\T ) and

(UN
G (θ̂), UN

N\G(θ̂)) ∈ int(EG,N\G). We conclude that under the negation assumption there

exists θ̂ ∈ X, which is neither minimal nor maximal for any of the relations %N , %T , and %G,

for which there is no neighborhood t∗ �N θ̂ �N t∗ where (6) holds.

By Lemma 10 there are zT , zT ∈ X, satisfying zT �T θ �T zT and zT �N\T zT , such that

every point in the neighborhood (UN
N\T (zT ), UN

N\T (zT )) × (UN
T (zT ), UN

T (zT )) is the utilities

image of an outcome in X, and for any zT �N\T x, y, z �N\T zT , UN
N\T (x) − UN

N\T (y) ≥
UN
N\T (y) − UN

N\T (z) if and only if x 	 y �N\T y 	 z. Similarly, there are zG, zG ∈ X,

satisfying zG �G θ �G zG and zG �N\G zG, such that every point in the neighborhood

(UN
N\G(zG), UN

N\G(zG)) × (UN
G (zG), UN

G (zG)) is the utilities image of an outcome in X, and

for any zG �N\G x, y, z �N\G zG, UN
N\G(x) − UN

N\G(y) ≥ UN
N\G(y) − UN

N\G(z) if and only if

x	 y �N\G y 	 z.

Note that every outcome x with utilities image in (UN
N\T (zT ), UN

N\T (zT ))×(UN
T (zT ), UN

T (zT ))

satisfies zT �N x �N zT , and every outcome x with utilities image in (UN
N\G(zG), UN

N\G(zG))×
(UN

G (zG), UN
G (zG)) satisfies zG �N x �N zG.

As zT �N θ �N zT , there exists θT such that θT ∼N θ and

(UN
N\T (θT ), UN

T (θT )) ∈ (UN
N\T (zT ), UN

N\T (zT ))× (UN
T (zT ), UN

T (zT )) .

Consider outcomes yT , y
T such that

UN
T (yT ) = UN

T (yT ) = UN
T (θT ) ,

UN
N\T (yT ) =

1

2
(UN

N\T (zT ) + UN
N\T (θT )) ,

UN
N\T (yT ) =

1

2
(UN

N\T (zT ) + UN
N\T (θT ))

=⇒ (UN
N\T (yT ), UN

T (yT )), (UN
N\T (yT ), UN

T (yT )) ∈ (UN
N\T (zT ), UN

N\T (zT ))× (UN
T (zT ), UN

T (zT )) ,

UN(yT ) < UN(θ) < UN(yT ) .

Analogously, as zG �N θ �N zG, there exists θG such that θG ∼N θ and

(UN
N\G(θG), UN

G (θG)) ∈ (UN
N\G(zG), UN

N\G(zG))× (UN
G (zG), UN

G (zG)) .

Consider outcomes yG, y
G:
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UN
G (yG) = UN

G (yG) = UN
G (θG) ,

UN
N\G(yG) =

1

2
(UN

N\G(zG) + UN
N\G(θG)) ,

UN
N\G(yG) =

1

2
(UN

N\G(zG) + UN
N\G(θG))

=⇒ (UN
N\G(yG), UN

G (yG)), (UN
N\G(yG), UN

G (yG)) ∈ (UN
N\G(zG), UN

N\G(zG))× (UN
G (zG), UN

G (zG)) ,

UN(yG) < UN(θ) < UN(yG) .

If yT %N yG, set x∗ = yG, otherwise set x∗ = yT . If yG %N yT , set x∗ = yG, otherwise set

x∗ = yT . In any case, x∗ �N θ �N x∗. Due to the assumption that there is no neighborhood of

θ in which (6) holds, there exist x∗ �N x, y, z �N x∗, for which UN(x)−UN(y) = UN(y)−UN(z)

but ÛN(x)− ÛN(y) 6= ÛN(y)− ÛN(z). Let x′, y′, z′ be outcomes for which

UN
T (x′) = UN

T (y′) = UN
T (z′) = UN

T (θT ) ,

UN
N\T (x′) = UN(x)− UN

T (θT ) ,

UN
N\T (y′) = UN(y)− UN

T (θT ) ,

UN
N\T (z′) = UN(z)− UN

T (θT ) ,

Therefore, x′ 	 y′ 'T y′ 	 z′ and x′ ∼N x, y′ ∼N y, z′ ∼N z, implying that UN(x′)− UN(y′) =

UN(y′)− UN(z′), whence UN
N\T (x′)− UN

N\T (y′) = UN
N\T (y′)− UN

N\T (z′). Note that

UN
N\T (x′) = UN(x)− UN

T (θT ) > UN(yT )− UN
T (yT ) = UN

N\T (yT ) and

UN
N\T (x′) = UN(x)− UN

T (θT ) < UN(yT )− UN
N\T (yT ) = UN

N\T (yT ) ,

and in the same manner, UN
N\T (yT ) < UN

N\T (y′), UN
N\T (z′) < UN

N\T (yT ). Hence, the above

equality of UN
N\T -utility differences translates to x′ 	 y′ 'N\T y′ 	 z′.

Let x′′, y′′, z′′ be outcomes for which

UN
G (x′′) = UN

G (y′′) = UN
G (z′′) = UN

G (θG) ,

UN
N\G(x′′) = UN(x)− UN

G (θG) ,

UN
N\G(y′′) = UN(y)− UN

G (θG) ,

UN
N\G(z′′) = UN(z)− UN

G (θG) ,

hence x′′ 	 y′′ 'G y′′ 	 z′′ and x′′ ∼N x ∼N x′, y′′ ∼N y ∼N y′, z′′ ∼N z ∼N z′, implying

ÛN(x′′)− ÛN(y′′) 6= ÛN(y′′)− ÛN(z′′). The same arguments as above show that UN
N\G-utility

differences over x′′, y′′, z′′ translate to relationships of the corresponding tradeoffs, which by

assumption satisfy either x′′ 	 y′′ �N\G y′′ 	 z′′ or y′′ 	 z′′ �N\G x′′ 	 y′′.
Altogether we have x′ ∼N x′′, y′ ∼N y′′ and z′ ∼N z′′, such that x′ 	 y′ 'T y′ 	 z′,

x′ 	 y′ 'N\T y′ 	 z′, x′′ 	 y′′ 'G y′′ 	 z′′, but not x′′ 	 y′′ 'N\G y′′ 	 z′′, contradicting

Consistency of Tradeoffs for the Entire Society (A7). It is thus concluded that UN and ÛN

are affinely related, that is, there is γ > 0 such that ÛN = γUN (recall that all utilities UT ,

including for T = N , were shifted to the same location).
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